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SUMMARY 
The relevance of "boundary conditions to structural behavior has 
long "been recognized, and much experimental work in this regard has 
"been done. A history of attempts to achieve in the laboratory the 
boundary conditions prescribed by analysis is thus presented, and 
the various techniques are critically compared. It is shown, however, 
that the general thrust of these efforts has been misdirected, and that 
a more pertinent goal of experimental investigations must be the 
understanding and evaluation of boundary effects in practical structures. 
Accordingly, this research highlights the necessity of non-destructive 
test techniques and the inadequacy of current methods in buckling load, 
or end fixity coefficient, prediction. A new approach, also useful 
from an analytical point of view, is developed for columns of practical 
interest. The basic method uses a single concentrated non-destabilizing 
lateral load at a specified location and makes use of the fact that 





Interest in the ability of structures to carry load has existed 
since man's earliest realization that his health and safety depended on 
that ability. In fashioning his own structures, man's faculties could 
never have matured beyond the most embryonic stages without the remark-
able trait of being able to learn from past mistakes and extrapolate from 
prior successes. Trial and error being the only available design method, 
however, progress was necessarily slow. Nonetheless, the skills and 
knowledge acquired this way were considerable; indeed, who among us has 
failed to marvel at the beauty and grace still present in ancient ruins? 
There comes a time, however, when trial and error is not suffi-
cient, and, for structural design, such a time was the era of the 
Industrial Revolution. The introduction of Iron and steel as building 
materials brought enormous Improvements in design and construction. 
The increasing capability of the builders was matched stride for 
stride by the increasing demands of industry, resulting in designs of 
comparatively spare geometry and high flexibility. The result was a 
change in failure mode from material rupture to a condition of excessive 
deformation that generally rendered a structure unable to carry 
its full load. With this new phenomenon came a greater urgency to 
understand it and thus anticipate Its occurrence before lives and 
property were lost. The stage was set for the development of the theory 
2 
of elastic stability. 
Due to the ease and simplicity of obtaining a solution, and due 
to its wide use in architecture, the first structural member to be 
treated by this theory was the column. More complicated members could 
be dealt with by the extrapolation of column results. 
Both theory and experiment indicated from the outset that the 
effects of boundary conditions were of primary importance. It is perhaps 
due to the fact that the theory preceded the experiment by a century 
that the boundary conditions arrived at via the calculus of variations 
served as the ideal toward which the experimentalist has striven in his 
testing. That much ingenuity has been exercised by the experimentalist 
in attempts to duplicate in the laboratory the boundary conditions 
prescribed by analysis is evident from a perusal of the literature on 
the subject. 
The shortcoming of this approach is the fact that however clever 
the experimentalist, however closely he is able to approximate these 
ideal boundary conditions, his results are of little help to the engineer 
working with a structure of practical interest. Given a lack of know-
ledge of the boundary restraint present in the actual structure, it is 
pointless to insert this ignorance into analytical calculations. All 
the engineer can do from a theoretical point of view is to make an 
educated guess; analysis is thus reduced to idle speculation. 
At this point the need for a practical non-destructive test should 
be clear. To date the only experimental technique for the determination 
of buckling loads has been the well-known Southwell plot approach, which 
depends on the occurrence of lateral displacements when destabilizing 
loads are applied to the structure. In the case of the circular 
cylindrical shell under axial compression, however, the interpretation 
that should "be given to the Southwell plot is not entirely clear. 
Furthermore, the fact that the specimen, regardless of structural form, 
may buckle unexpectedly implies that the term "non-destructive" should 
not be applied to this test. 
Apparently the flaw in the Southwell method is the use of a 
destabilizing load; a successful non-destructive test must use a non-
destabilizing load to energize the structure. It is important to 
note that the set of boundary conditions is often unchanged regardless of 
the load environment. A pertinent question can now be raised: are the 
boundary effects in the two cases related; if so, can this relationship 
be used to develop a non-destructive test, using non-destabilizing load, 
to predict the onset of Instability? The aim of the present research 
is to answer that question. 
k 
CHAPTER II 
END FIXITY DEVICES 
Historical Summary 
In the discussion of structural testing, the existence of the 
test machine is generally assumed. Obviously this cannot always have 
been the case; the development of the test machine was an extremely 
significant occurrence. The first such device for the determination 
of the strength of columns was built in 1729 by Musschenbroek (l). It 
is interesting to observe that he was able to propose, as a result of 
his investigations, an empirical formula in which the strength of a 
column was proportional to the square of the ratio of the cross-section 
dimension divided by the length. This was a correct conclusion and 
represented the latest thinking until Euler1s (2) classic memoir of 
17 ̂-t-• The next significant contribution occurred in 1807 when Thomas 
Young (3) developed a formula which associated the applied load, the 
Euler critical load, the initial bow, and the elastic deformation under 
load. This is essentially the same hyperbolic law proposed subsequently 
by Ayrton and Perry (k) and, later, by Southwell (5)-
In 1840 a long paper describing an investigation involving many 
carefully-executed column tests was published by Hodgkinson (6). The 
purpose of the study was, in Hodgkinson's own words, "to supply the 
deficiencies of Euler's theory of the strength of pillars, if it should 
appear capable of being rendered practically useful; and, If not, to 
endeavour to adapt the experiments so as to lead to useful results." 
In many respects this work set the pattern for much which has 
followed. It must be remembered that Euler's theory was derived as an 
example of the power of the calculus of variations and was merely an 
appendix to a paper written on the latter subject. Hodgkinson sub-
sequently set out to determine whether the mathematical development 
had a basis in fact, and the use of experimental work to verify analysis 
has persisted to this day. It is interesting to note that Hodgkinson's 
was the first contracted research. 
It is clear from Hodgkinson's paper that he appreciated the 
importance of end conditions, and in his tests he attempted to achieve 
the limiting cases derived by the calculus of variations with homo-
geneous end conditions. In fact, his first series of experiments were a 
comparison of the strengths of columns with rounded and flat ends. With 
regard to round-end tests of short columns Hodgkinson noted that "It 
became necessary to render those which were rounded at the ends more 
flat there than if the ends had been hemispheres." This action was 
necessitated by bearing failure at the contact surfaces, a consideration 
that has continued to plague experimentalists. The test machine and the 
end shapes of the columns developed for this study are illustrated in 
Figures 1 and 2. 
In 1879 "the Watertown Arsenal (7) Installed a test machine that 
did much to further experimental column research. It was a noteworthy 
pioneer, having a capacity of one million pounds compression and being 
the forerunner of the modern hydraulic test machine. It was in connection 
with work being done In this machine that the end fixity device pictured 
Figure 1. Hodgkinson's Test Machine 
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Figure 2. Hodgkinson's Specimens, Illustrating End Shapes 
in Figure 3 was developed. It is apparent that it was this device 
which led to the description of columns as "pinned1' when it was desired 
to convey the idea of zero rotational restraint and infinite lateral 
restraint at the ends. Unfortunately, the pinned fixture conveys the 
idea but does not deliver the performance. When the diameter of the pin 
is large enough to prevent bearing failure, friction can cause the 
rotational restraint to be effectively infinite unless great care is 
exercised in lubrication, surface finish, and fit. Generally, tests with 
this type of device are not repeatable. 
Around lQQk- Christie (8), in an attempt to build a device based 
on the same general principle but having three degrees of freedom, 
developed a fixture with a spherical seat, as shown in Figure k. How-
ever, the shortcomings of the pin device are also present in the 
spherical seat. 
In 1887 Bauschinger (9) reported on a series of reliable tests 
he had carried out using a device having a conical seat, the first use 
of such a configuration. In 189O Tetmajer (lO) used a similar device, 
illustrated in Figure 5• In theory the device has three degrees of 
freedom and ensures central load application, but In practice a bearing 
failure occurs at the tip of the cone, resulting in considerable 
friction. 
Around the turn of the century Lilly (11,12) performed roundend 
and eccentrically-loaded column tests; to achieve the latter condition 
he devised a knife-edge fixture as shown in Figure 6. A knife-edge 
device was also used by von Karman (13) in his well-known 1910 work on 
the plastic buckling of columns. 
SPECIMEN 
Figure 3. Watertown Arsenal End Fixture 
1 IN. RADIUS SPHERE 
Figure 4. Christie's End Fitting 
11 
/ SPECIMEN 
114° CONICAL SURFACED 
Figure 5. Tetmajer's Conical Seat 
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SPECIMEN 
Figure 6. Lilly's Knife Edge Fixture 
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The knife-edge fixture is probably the best of all those mentioned 
so far. It does share with the Watertown Arsenal pin device the short-
coming of having only one degree of freedom, but many column cross-
sections are such that no torsion occurs; furthermore, the knife edge 
can be positioned such that the hinge operates in the plane in which 
buckling is desired or anticipated. In the perpendicular direction, 
the rotational restraint is nearly infinite. 
It might be assumed that the case of Infinite rotational restraint 
would be easily achieved, but this is not the case. Generally the 
approach has been to make the ends of the specimen either flat or 
flanged, as did Hodgkinson. See Figures 7 a^d 8. In practice, trouble 
can be encountered owing to the difficulty of straightening the columns 
and of getting the end surfaces to be very flat, parallel, and normal 
to the axis of the column. This is particularly true of large specimens. 
Thus it is that all specimens start their experimental lives in a state 
similar to some degree to the condition portrayed In Figure 9- It is 
clear that small deviations in geometry can lead to large deviations in 
loading. To compound the situation, even if the specimen could be 
perfectly prepared, any lateral motion or rocking of the test machine 
platens would again lead to a situation equivalent to that in Figure 9« 
In practice, the case of zero rotational restraint, the "pin-end" 
condition, has received by far the most attention. It is clear that, 
if bearing failure is avoided, the problem of producing a satisfactory 
fixture is largely one of minimizing friction. Toward this end many 
improvements have been introduced. 
One of the improvements on the Watertown Arsenal device was 
Ik 
SPECIMEN 
Figure 7. Flat End Arrangement 
SPECIMEN 
Figure 8. Flange Arrangement 
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SPECIMEN 
Figure 9. Tilt of Specimen with Flat Ends 
developed at the University of Washington in 1926. It is shown in 
Figure 10, and it has a capacity of 500;000 pounds. It Is clear from 
the figure that the device consists mainly of a semi-cylindrical 
loading block and a concave base, the radius being such that the inter-
section of the neutral axis with the plane of the column end was at 
the center of curvature of the fixture. The annular space between the 
base and the loading block was filled with a single layer of steel 
rollers whose diameters were 1.5 inches. The radius of the loading 
block was 6 inches. A friction test indicated a coefficient of friction 
of .002, and the device performed very satisfactorily. Tests show, 
however, that extreme care should result in a reduction in the 
friction coefficient to .0006. 
It is apparent that friction could be reduced very much more if 
the steel rollers were replaced by a thin film of oil under pressure. 
Such a device is shown in Figure 11. 
In 1938 Osgood (15) carried out an Investigation of the column 
strength of tubes elastlcally restrained against rotation at their 
ends. This fixture consisted of essentially a carrier with a knife 
edge which bore on a seat on a stationary support clamped to one of the 
test machine platens, as shown in Figure 12. Rotation about the knife 
edge was restrained by the helical springs, the degree of restraint 
being adjustable by changing the active lengths of the springs. Since 
the springs were active only In compression, they were pre-loaded by 
means of wing nuts. The fixture was provided with means for holding the 
end of the test specimen in position in the carrier and moving It hori-









Figure 11. Hydraulic End Fixture 
WING NUT 
Figure 12. Diagram of the Apparatus for Procuring Elastic Restraint at End of Column 
O 
This is the well-known "centering under load" technique, which has the 
purpose of ensuring that the load is centrally applied and that the 
condition shown in Figure 9 does not occur. 
In 1939 Barlow (l6) made a logical and simple device for testing 
light columns. From Figure 13, it is seen that each unit consisted of a 
round hardened steel bar supported between two ball bearing assemblies. 
At the mid-point of the bar was ground a flat in whose surface lay the 
axis of rotation of the assembly. The flexural rigidity of the loading 
bar was such that an angular deflection of 1.2 degrees could occur under 
a load of 2^,000 pounds, while the bearing would not bind until this 
angle reached 1-5 degrees. Since the maximum test load was 8000 pounds, 
the device worked well. Like the majority of knife edge or roller 
assemblies, this end fixity device was restricted to a single degree 
of freedom. However, in addition to the lower rotational restraint 
achieved, the device had other advantages. The first of these was that 
no corrections for effective free length were necessary; the second 
was that the pivot axis could be statically balanced for precision 
tests. Thirdly, the use of commercial ball bearing assemblies permitted 
the use of high-quality parts at very low cost. 
The restriction to a single degree of freedom was lifted in 
subsequent research (17)- Two sets of half bearings resulted in a 
fixture having two degrees of freedom. The new device was entirely 
similar to the old, with the important exception that the half bearings 
enabled the testing of specimens of essentially zero length via the 
simple expedient of assembling the base castings and the accompanying 
half bearings around a cylindrical steel bar. In this way the friction 
Figure 13. Barlow's End System for Light Loads (Single Degree of Freedom) 
ro 
ro 
characteristics of the device could "be evaluated "by determining the 
torque required to start rotation of the bar under various compressive 
loads of the assembly. This test was performed about one axis only, 
owing to the extreme freedom of movement of the assembly. Friction in 
the fixture is manifested in an eccentricity of loading, and Barlow 
reports that eccentricities of .0039 inch at 100 pounds and .00595 inch 
at 6000 pounds were measured, concluding that these were negligible. 
This device is shown in Figure lk. 
The next major development appears to have been due to Templin 
(l8), who devised a system of hydraulically-supported spherically-seated 
compression test machine platens. The design was done with an eye to 
six basic requirements set forth by Templin for suitable fixtures for 
making round-end tests of column specimens: 
1. There should be three degrees of freedom, 
2. The device should possess as low resistance to rotation as 
possible, 
3- The method should be applicable to large total load systems, 
k-. Distortion should be minimal during use, 
5. The device should apply either uniform axial loads or loads 
with prescribed eccentricities, 
6. It should be reasonable in cost, simple to install, and easy 
to maintain. 
A drawing of the resulting device is shown in Figure 15• 
In addition to satisfying the above requirements, the Templin 
device had some other interesting features. The fixture could be 
changed from near-zero to near-infinite rotational restraint through 




Figure 15. Assembly Drawing of Templin's Device 
26 
the simple expedient of inserting four distance pieces between the base 
plate and the platen; errors in parallelism between upper and lower 
platens could be corrected readily by making the distance pieces 
adjustable. Furthermore, it was found that the testing machine, being 
of the hydraulic type, could supply the oil to the test fixture at 
the proper pressure, thus eliminating the need for a separate hydraulic 
system. Driving the test fixture with the test machine hydraulic 
system decreased the strain rate capability of the machine, but this is 
of little consequence in quasi-static testing. The platens had 
attachments for positioning specimens with respect to the platens, 
as well as attachment points for transducers. 
To evaluate the frictional characteristics of his device 
Templin performed a test essentially the same as that done by Barlow. 
The results are shown in Figure l6. The differences in behavior in 
the two directions are ascribed to slight errors in centering the 
fixtures. There can be little doubt that the device was of good 
quality compared with most others which preceded it. 
In 1959 Goldberg and Ienzen (19) published the description 
of a roller fixture for pin-end column tests. The geometric details 
are clear from Figure 18. The rollers and base blocks were made of 
Ryalloy tool steel tempered to a Rockwell "C" scale hardness of 57-
Foppl's (20) formula indicates that under a compressive load of 300,000 
pounds and a contact length of 8 inches, the maximum bearing stress was 
215,000 psi, considerably less than the ultimate stress of 300,000 psi 
arrived at by conversion from the Rockwell hardness. Thus bearing 
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Figure 16. Resistance to Tipping of Templin Fixture When 
Functioning as a Complete Sphere Under Load 
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POSITIONING BARS, EACH SIDE 
(REMOVED DURING TEST) 
INVOLUTE TOOTH OF 
ZERO PRESSURE ANGLE, 
EACH END 
Figure 18. Fixture for Pin End Column Tests 
(Goldberg and Lenzen). 
at each end, these teeth being involute curves of zero pressure angle. 
They resisted relative translation as long as the angular displacement 
of the roller was less than 22.5 degrees. 
It is interesting to compare this device's rotational restraint, 
shown in Figure YJ, with that of Templin's fixture. Scatter in the 
data precludes any definite conclusions, but it may be said that this 
apparatus was at least competitive with that of Templin, particularly 
at lower load levels. 
More recently, Lehigh University carried out considerable 
research on steel structures for large civil engineering applications. 
The latest standard column end fixture used at their Fritz Engineering 
Laboratory (21,22) is shown schematically in Figure 19. The device 
was basically similar to that of Goldberg and Lenzen, but being designed 
specifically for large structures, its load capacity was considerably 
higher; viz., two million pounds. The material used in the roller and 
base block was special tool steel heat-treated to 7O-8O Scleroscope 
surface hardness. The geometry was again dictated by the necessity 
of avoiding bearing failure; with a roller radius of ten inches, the 
cylinder length came out to be 2k- inches . 
It is evident from Figure 19 that the apparatus consists 
essentially of a column base plate (to which the column was welded), 
a fixture platen that connects the column base plate to the cylindrical 
bearing block, the flat bearing block, an adjusting assembly composed 
of sliding height-adjustment wedges and a small cylindrical bearing, 
and a base. Top and bottom fixtures were identical. The need for 







400 800 1200 1600 
RESISTING MOMENT, IN. -LB. 
1200 
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Figure 19. Standard Column End Fixture at Fritz Engineering Laboratory. 
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interface and for neutralizing lack of normality "between the column 
axis and the testing machine table was satisfied "by the adjusting 
assembly. As the height of the wedge adjustment changed, the end 
plane of the column rotated around the cylindrical hearing. The 
column base plate could be slid relative to the fixture platen, per-
mitting the use of the well-known "centering under load" technique 
to minimize eccentricity. 
Tests were carried out to evaluate the rotational restraint 
actually present under axial load. For low load ranges, a hysteresis 
check was made in a load-unload cycle. No hysteresis was observed. 
For high load ranges, a hydraulic jack was mounted parallel to the 
column between the base plates, such that additional bending and 
axial stresses could be superposed on the existing load states. The 
results are shown in Figure 20. 
In methods of adjustment and alignment, the above fixture was 
quite similar to one used earlier at Iehigh University and described 
in lucid detail by Adams and Galambos (23) and by Beedle, Ready, and 
Johnston (2^). Only the means of allowing rotation was dissimilar; 
this device utilized a double knife edge. The test assembly is shown 
schematically in Figure 21 and pictorially in Figure 22. Steel 
structural members of full-scale building size were tested in the 
machine, the point of departure from previous methods being that end 
moments were applied rather than minimized. The chief criterion 
regulating the geometry of the end fixture was that the point of end 
rotation and application of axial load, the center of moment, the point 
of lateral support (the support being necessary to equilibrate the 
5 0 0 0 0 0 h 
o~\ 0 0 0 0 0 0 
-o 
o o 
i 500 0 0 0 
< 
3 0 0 0 0 0 
A—Expert men to I 
Theoretical 
- 2 0 0 0 0 0 
2 
//oAverage Gages I and 2 ^ 




\ \ 0 / / 
/ 
L—Theoretical 
/ (Perfect Pm) 
450000 lb-m. 
^Average Gages (1 + 2) 
- ( 3 * 4 ) 
5 0 0 1000 
Axial Strain, 6, microinches per in. 
(a) 
0 100 200 
Bending Strain,Ac, microinches per in 
(b) 
Theoretical 
(Perfect Pm) •$' 
L* £ 
300 000 \ 
-200 000 
4 100 00.0 
i&f




'//I °Average Top and Bottom 
450 000 lb -in 
0 0 0 0 0 2 5 
End Rotation, 6̂ , radicns 
(c) 
Figure 20. Performance of the Apparatus Shown in Figure 19 
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Figure 21. Test Assembly for Unbraced Columns. 







Figure 22. Upper End Fixture of Apparatus Shown in Figure 21 
(Adams and Galambos). 
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applied end moments), and the end of the actual test specimen lie as 
nearly as possible in the same plane. This condition was reasonably 
satisfied in all but the last requirement, the end of the column being 
almost six inches above the knife edge. It was thus necessary to use 
an adjusted column length in the data analysis. 
Application of moments to the end of the column was accomplished 
via an arm mounted at the end of the specimen, perpendicular to its 
axis. Each arm was driven at the outboard end by a tension-compression 
hydraulic jack that was mounted on the test frame. Alignment was 
accomplished by centering the column carefully on the end fixtures and 
then positioning the fixtures equidistantly from the vertical screws 
of the testing machine. The knife edge seats tended to automatically 
position the knife edge blocks, which could be moved with respect to 
the adjusting wedges. Alignment was checked with strain gages and 
levels; leveling under load was used sparingly. It was deemed that 
alignment was not as critical as in other tests because of the presence 
of the applied end moments. 
Displacements were initially measured by observing the relative 
motion of a graduated scale fixed to the column and a taut wire hanging 
from a fixed point. Subsequently, dial gages were used for both lateral 
deflection and, in conjunction with a micrometer lead screw and a 
leveling bar, end rotation measurement. 
Three different tests were described: axial load alone, with 
both ends free to rotate; axial load in combination with a moment 
applied at one end, with the opposite end pinned; and axial load with 
one applied end moment, with the opposite end clamped. In the last 
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case, clamping was obtained "by having the hydraulic jack supply enough 
force to the end of the moment arm to drive the measured end rotation 
to zero. The general testing technique was to apply a given axial 
load and to hold it constant while varying the applied end moment. 
Since the application of end moments altered the axial load in the 
column, the two quantities were alternately adjusted until each attained 
the desired values. Then the moment was incremented and the process 
repeated. Lateral displacements at the end of the "beam were neutralized 
by applying appropriate forces to the lateral supports. 
One of the main objectives of the test series was to compare 
measured carry-over moments with those predicted by analysis. Inasmuch 
as the agreement was good, the authors concluded that friction in the 
knife edges was minimal. To verify this conclusion they conducted 
moment-reversal tests at the upper knife edge and observed no detectable 
hysteresis. Their results are given in Figure 23. 
At this point there exists a natural inclination to extend the 
results of column tests to two-dimensional structures -- plates and 
shells. The complication, of course, is that boundary conditions are 
now prescribed along a line, rather than at a point. Nevertheless, 
some experimental studies (25-36) have been undertaken, and they amply 
illustrate the difficulties that exist in treating even the simplest 
of cases: uniform, homogeneous, isotropic, flat rectangular plates 
simply-supported along two edges. When sandwich plates are considered, 
the complexity of boundary restraint is greatly compounded, a point 
that is strongly made by Benson and Mayers (37)- For thin shells, 
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boundary conditions obtained by analysis meets with staggering 
difficulties, since at least some of the boundaries are curved lines. 
Thus, boundary condition studies for shells have tended to be 
analytical in nature. While most of these investigations are fairly 
recent (38-42), the earlier recognition of the significance of boundary 
effects by Love (43) and Southwell (44) cannot be ignored. 
Expanded Disucssion of Problems Associated with Fin End Fixtures 
Let us consider the case of a spherical column fixture bearing 
on a plane surface. The first issue of importance is that of the 
contact stresses. These can cause rupture of the ball or bearing 
failure of the surface or both. We may recall that Hodgkinson noted 
difficulties in this regard. Some information on the contact stress 
levels can be obtained from the work of Hertz (20). If we assume the 
following material properties; viz., 
6 
Modulus of elasticity = E = 30x10 (l) 
Poisson's ratio = v = -3 
Maximum compressive stress = a = 210,000 psi 
max ' * 
then, following Hertz, we may compute that the spherical diameter must 
be 82.5 inches for an applied load of 300,000 pounds. Such a large 
diameter presents problems both with regard to manufacture and to 
operation. Furthermore, there are difficulties with the precise 
definition of effective length, and with sideslip during relatively 
large rotations. In addition, at higher load levels the rotational 
ko 
resistance due to flattening of the spherical surface becomes so high 
that Infinite, rather than zero; rotational restraint is approached. 
According to Wagner (V?) agreement with the Euler curve is thus pre-
cluded. In fact, the resulting error may be as high as 100 per cent 
if the effective length is assumed to be the distance between the 
centers of the hemispherical ends. 
It is apparent from the Hertz equation that one method of 
reducing the high contact stresses is to make the bearing block a 
hemispherical surface rather than a plane. In this case, if the 
diameter of the ball and socket are equal, the contact stresses are 
reduced for a given diameter so that the ball size can become reason-
able. However, the frictional forces become prohibitive. It Is for 
precisely this reason that the hydraulic fluid bearing becomes so 
attractive when a hemispherical seating is used. In this case, the 
hemisphere size can be substantially reduced, and error in determination 
of the effective column length is similarly minimized. 
Another means of reducing the contact stress is to replace the 
hemispherical surface, when used with a plane, with a semi-cylindrical 
rolling surface. In this case, we compute from Hertz' equations that a 
diameter of 8.88 inches suffices. This is far more reasonable from a 
manufacturing point of view than the 82.5 inch diameter hemisphere. 
There remain the problems of sideslip and friction, but these can be 
overcome, as is evident in the work of G-oldberg and Lenzen. Their roller 
fixture and that of the University of Washington appear to be superior 
to the Lehigh device in that sideslip was prevented, thus greatly 
simplifying the question of effective strut length. 
Effective length questions also arise in the case of the knife-
edge fixture; since in this type of device rotation must occur about 
some point other than the intersection of the neutral axis and the end 
plane of the specimen, it is clear that the length between inflection 
points will not correspond to the nominal length of the column. Thus, 
even if the knife edges were considered friction-free, it was desirable 
to derive applicable mathematical expressions for the purpose of analyz-
ing experimental results of knife-edge tests. Such expressions have 
been formulated (^5). As before, the radii of the knife edge and that 
of the seat must be chosen in accordance with the Hertzian equations. 
It is necessary that the knife edge be sufficiently long to allow 
appreciably different radii in the edge and the carrier. The reason 
for this can be discerned from Figure 2h, where it is apparent that 
if the radii are equal, or nearly equal, the fixture behaves like the 
pin device, with correspondingly high friction levels. Wagner showed 
that if the end of the strut rotates through an angle 6 as a result of 
the axial load, the line of action of the force intersects the axis of 
the strut at the point A, which is separated from the contact point of 
the knife edges by the distance 
(2) AL 1 
2 J 1 
r 2 " T± 
The length L - AL is therefore to be regarded as the buckling length. 
A criterion for the difference between the radii r̂  and r is that the 
\2 
Figure 24. Geometry of Knife Edge System 
3̂ 
angle (3 he at all times smaller than the angle of friction. Ohviously, 
if this condition is not met, the knife edge will slip in the carrier 
as mentioned previously, and the otherwise simple relation will he 
ohscured. 
When there are rigid fixtures, or carriers, at the ends of the 
specimen, the effective length situation is somewhat more complex. A 
rational method for dealing with rigid portions of equal length at 
freely supported ends has heen presented hy Engesser {h-6) . Nater (V7), 
Usinger (̂ -8), and Leduc (̂4-9) have treated the prohlem of the straight 
elastic column elastically restrained against rotation at its ends 
while Bleich (50) has made similar studies for the inelastic case. 
Another treatment was presented hy Osgood (15); a*icl that work will he 
summarized here. 
The familiar governing differential equation for the column is 
2 
d w _ M_ / o> 
* 2 ~ El' K J 
dx 
With reference to Figure 25, the hending moment M at any section may he 
expressed as 
M = MQ + F(SQ + x) - Pw. O ) 
The appropriate "boundary conditions are 
M+ 
5̂ 
x = 0: S = V w = soV (5) 
dw 
x = L: -r- = 0., w = -Sfl. 
dx 3/ 1 1 
Solution of the above boundary-value problem yields four linear homo-
geneous equations in Q , Q^, and two constants of integration. The 
existence of a non-trivial solution for w requires the vanishing of the 
determinant of the coefficients in the system of equations. 
If the non-dimensional variables 







ax = 1 (8) 
are introduced, the characteristic equation may be "written In the form 
k6 
>rsosi s i ^ s i 
| l + a + a - cp |_—^ —{ 
L / 0 
(9) 
-r(1 + % a i + ( 1 + ? + r>oaiJrsin^ 
ao - -i+ ai ~ h + K1 + "T + ~i)c cos cp 
+ 2 ( x + -i+ 4)w = ° 
For the special case S = S = S and CC = QL = a, we can introduce the 
* 0 1 0 1 ' 
non-dimensional variables 
/ o o \ 2 S \ S _ k_ S 
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L PL " LV + L / 
2S 
1 + L" 
L 
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i + ^ l 
(ID 
Substitution into equation (9) and collecting terms gives 
1 + c o s cp \ " / 
<P 
^ s j L n ^ + P ^
1 + 2 P ' A 1 " c o s c P j - P'cpsincpj = 0 . (12) 
^7 
It is noteworthy that values of cp equal to integer multiples of 2rr make 
the left-hand side of equation (12) indeterminate. However, insertion 
of these values into equation (9) excludes them as possible solutions. 
Two other possibilities arise when each of the two factors in equation 
(12) vanishes. Equating the first factor to zero gives rise to 6U = -9-,, 
while the vanishing of the factor on the left yields 0 = 0 . It is 
apparent that the first and second cases correspond to the first and 
second modes, respectively; hence we are interested only in the first 
solution. The vanishing of the first factor may be rewritten 
:ot I + pep = 0. (13) 
The solution to this equation is simplified further if we introduce the 
new variables 
ie. s = -4- - 1; (llf) 
since v J 
* - 1 - tf59 • (15) 
Equation (13) then becomes 
t + s = - -. (16) 
P 
Tables of t + s are available in Reference (31) • 
Another special case is represented by the conditions a = 0 and 
S = S = S. Introduction of the new non-dimensional variable 
a . 2SL -1 - ^(l + ^ 
L v 1 + -; 
into equation (9) simplifies it to the form 
t= L 1 1 + L + 7L)T; (l8) 
which, by trial and error, may be solved for the eigenvalue cp with the 
aid of Table 8 in Reference 15• 
Finally, if S = S = 0 , equation (9) may be expressed in the 
form 
a a (t2 - s2) + (a + a ) t + l = 0. (19) 
Zimmerman (5l) gives this equation and Prager (52) presents it in a 
modified form. Both assume it to apply for elastic buckling only. It 
has also been published In a paper by Osgood (53)- The equation may be 
solved directly by means of the nomogram, Figure 26, the idea for which 
It attributed to L. B. Tuckerman by Osgood. 
In order to use the nomogram, a straight line is run through the 
points of the circle determined by the values of CL and QL read on the 

circular scale. This line will intersect the spiral curve in at least 
one point. The value of cp/n corresponding to this point, or the lower 
value if there are two intersections, read on the scale of the spiral 
curve, will he the lowest value for which buckling can occur. In the 
case of the two points of intersection, the higher value of cp/lt 
corresponds to an unstable condition of equilibrium. 
Once having found cp, it is a simple matter to find the distance 
between inflection points Ln; i.e., the effective length for the pin-
end condition. Noting that the axial load is uniform along the length 
of the column, we have 
P = % • (20) 
cr 2 v ' 
L0 
Reca l l ing t h a t 
cp = L i c r . (21) 
EI 
s u b s i t i t u t i o n gives 
** = "-$• ™ 
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CHAPTER III 
DETERMINATION OF BUCKLING LOADS FOR ACTUAL STRUCTURES 
We have thus far illustrated the difficulties the experimentalist 
has faced in verifying the results obtained from analysis, and the 
techniques employed to surmount these difficulties. In all cases, the 
goal was to make the "boundary restraint as nearly ideal as possible; 
knowledge of the actual boundary conditions was directly related to the 
success of this endeavor. 
In many instances, however, the experimentalist finds himself in 
a very different situation. The interface between a component and the 
rest of a structural system may present such lack of ideality, or such 
complexity, or both, that analysis Is unable to assess the degree and 
type of boundary restraint. If, in attempting to predict the buckling 
load of such a structure, the boundary restraint can be measured experi-
mentally, its effect on buckling can be computed by analysis. In many 
cases this is impossible; having at hand only the test techniques 
discussed so far, the experimentalist has no alternative to buckling 
the structure and recording the maximum load. If the buckling process 
is elastic, no harm is done to the specimen, and the desired information 
is obtained. 
In general, however, the sudden growth of deformations associated 
with buckling precludes the survival of the specimen in its virgin state. 
Thus, In the absence of non-destructive test techniques, there is no 
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way of knowing the "buckling load for practical structures with realistic 
end restraint without ruining the specimen. 
It should "be pointed out at this time that the success of any 
test depends on its ability to distinguish the variable of interest 
from all others. In the case of the non-destructive test for end fixity, 
we must "be mindful of the fact that buckling is also affected by 
deviation from ideality of many factors other than boundary conditions, 
such deviations being lumped under the term nimperfections" (in 
structural form, loading action, etc.) 
The inevitability of imperfections has been generally recognized 
by analysts since Young and, of course, by all experimentalists. 
Christie appears to have been the first to compensate for imperfections 
in a test column by shifting the ends of the column relative to the 
supports. The tests of von Karman (13) show that slight imperfections 
such as small initial curvatures do not affect the strength of pin-
ended columns when centered under load. Zimmerman (51) has also shown 
this result theoretically and Rein (^k-) has confirmed his work in a 
careful series of tests. 
Nonetheless, the most Important feature of the presence of 
imperfections is the effect on the motions normal to the loading 
direction. In 1807 Young discovered the relationship between the 
elastic lateral deflection at the mid-point of an imperfect column under 
axial compression, the compressive force, and the classic instability 
load for the perfect strut. By the end of the century it had become 
common engineering knowledge, and it has played a central role in column 
testing to this date. 
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The first use of the formula to interpret test data on columns 
was by Ayrton and Perry (k) in 1886, in the first verification of 
Euler's (2) work. Their paper was largely ignored, and it was not 
until R. V. Southwell (5) published his work that the methodology 
that bears his name became routine for the strut problem. 
The analytical derivation of the formula that forms the basis 
of the technique is most straightforward. It consists of equating the 
coefficients for various harmonics when similar Fourier series for 
initial and elastic deflections are inserted in the appropriate differ-
ential equation of equilibrium. The result is 
e 
a = p - ^ , (N = 1,2,...) (23) 
n - 1 
P 
where the denominator is actually a load-dependent magnification factor. 
It is evident that if the eigenvalues P are widely separated, and if 
the load P is a substantial portion of the lowest eigenvalue P _, the 
first term in the Fourier series for the elastic deflection predominates, 
giving 
a-L = 6 , (24) 
where 6 is an elastic displacement measured at a suitable location (55) 
(the mid-point, in the case of the symmetric strut). We thus have 
6 (pi - l) = e, . (25) 
Slight rearrangement gives 
6 = Px \§) - e± , (26) 
and we observe that 6 and 6/p are linearly related. Thus, a plot of 
6 versus 8/P will have for its slope the critical load of the perfect 
specimen, and for its 6-intercept the quantity -e , which is a 
measure of initial imperfection. Other linear representations are 
possible, but this one is the most common. It is apparent that 
through the use of the slope and intercept of this plot, we have suc-
cessfully separated the influence of imperfections from boundary 
effects. 
To confirm his formula Southwell analyzed von Karman's data on 
centrally compressed columns. The results, Figure 27, were excellent 
in that the maximum deviation of the critical load derived by the 
technique from the classical critical load was 2.5 per cent. Similar 
agreement was reached when Robertson's data from experiments with 
specified loading eccentricities was analyzed. 
Although this approach was specifically generated for the strut, 
it is much broader. A general view of its applicability to columns 
and plates was given by Horton, Cundari, and Johnson (56), while an 
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and Cundari (57). 
It is clear that the Southwell plot represents a great improve-
ment in the state of affairs regarding "buckling load prediction. Once 
the critical load has been established from a Southwell plot, the end 
fixity coefficient is immediately known, and a glance at equation (26) 
shows that the effects of imperfections have been isolated. 
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CHAPTER IV 
NON-DESTRUCTIVE TESTS FOR THE DETERMINATION OF END FIXITY 
General Discussion 
We have discussed the Southwell plot as a means of experimentally 
determining the buckling loads of actual structures in realistic 
environments. While we have pointed out that the technique gives an 
experimental assessment of boundary effects (end fixity coefficient) 
and distinguishes those effects from the influence of imperfections, 
we have stopped short of labeling the Southwell plot a non-destructive 
test method. The reasons are contained in the assumptions under which 
equation (2k) is valid. The first condition is that the eigenvalues 
are widely separated. If this is not met, as in the case of the 
circular cylindrical shell under axial compression, the interpretation 
that should he given the results of the method is unclear, even though 
the procedure is experimentally workahle (58)• More Important, however, 
is the second requirement; viz., that the load P be a "substantial" 
portion of the lowest eigenvalue P , "substantial" referring to that 
load beyond which the deflected shape resembles the buckle shape. 
Aside from the experimental difficulty pursuant to the application of a 
large load, the important consequence of this assumption is that a 
destabilizing load approaching the instability level Is required to 
obtain information on the buckling load. Thus, there is the clear and 
present danger that unanticipated buckling will occur before any trends 
are indicated by the Southwell plot; a test in which there is a 
probability (albeit small for some structures) of specimen destruction 
can hardly qualify as a satisfactory non-destructive test technique. 
It is interesting to note that the method depends on the growth 
under axial load of lateral deflections, which is in turn dependent on 
the structure being either highly flexible, or significantly imperfect, 
or both. We thus have the situation in which the highest-quality, most 
expensive specimens, the specimens we would most like to protect from 
destruction, have the greatest likelihood of meeting that fate. 
The direction we should take in searching for a suitable non-
destructive test is fairly clear. Noting the danger in the Southwell 
method of energizing the structure with a destabilizing load, it is 
apparent that we must be able to predict behavior in destabilizing 
environments by subjecting the system to non-destabilizing loads. The 
best type of member to consider in starting such a search is the beam, 
with suitable energizers being lateral forces. 
The process is perhaps best initiated by making a few simple 
observations. We note that the critical load for a reasonably slender 
column under axial compression is given by 
P = ̂  (27) 
cr 2 v 
-Li 
when the column is pinned at both ends. If the end rotational restraint 
is changed from zero to Infinite (a "clamped" or "fixed end" condition) 
the critical load then becomes 
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P = M^i . (28) 
cr 2 v 
Wow consider the same simple member under a non-destabilizing con-
centrated load applied laterally (normal to the direction of the 
destabilizing load) at its midpoint, in the absence of the axial load. 
The failure mode is changed from the geometric failure (buckling) to a 
material failure. As long as this failure is not approached, the lateral 
deflection is linear with the load; the flexibility coefficients for 
the two cases are given by 
6 L3 
Q = USEI (P l n n e d) (29) 
and 
3 
(clamped) . (30) 
Q 192EI 
It is to be noted that changing the boundary restraint from zero to 
infinite causes the critical load to increase by a factor of four, 
while causing the flexibility coefficient to decrease by an identical 
factor. The question to be resolved is whether this is merely an 
interesting coincidence or a particular manifestation of a basic 
phenomenon. 
The best mathematical expression of this observation is given 
6o 
when we consider the product of the critical load and the flexibility 
coefficient. We have 
p
cr (S = T5 " (3D 
In other words, the product of the critical load and the flexibility 
coefficient is a constant for all geometrically similar specimens, 
regardless of whether the ends are pinned or clamped. It is to be 
noted that the only geometric factor In the constant is very easily 
measured. 
The importance of this relationship, if it can be extended to 
other cases, is clear. It provides the simplest possible method of 
determination of the critical load, and hence the end fixity coefficient, 
from easily determined quantities. 
It is important to note that the two examples given so far have 
certain features in common: 
1. The bodies are geometrically uniform; 
2. They are symmetrical; 
3- They are devoid of intermediate lateral support; 
k. They have ideal end restraint (zero or infinite). 
To extend the concept further, we begin by systematically removing 
these conditions, in the order of their presentation. 
P-DeIta Approach 
Nonuniform Columns 
For a first example, we consider the strut depicted in Figure 
28a. This strut is nonuniform, the two segments having different 
cross-section areas. The analysis that follows also appears in a 
paper by Horton, Craig, and Struble (59)« 
According to Case (60) the critical load for a strut unsymmetrical 
about the center is given by 
+ k- , (32) P P P^ c r a b 
where P is the buckling load of a strut with two halves like OA. and a 
P is the buckling load of a strut with two halves like OB. Further-
more, it requires only a very simple calculation to show that the 
flexibility coefficient for the composite beam, centrally loaded, is 
given by 
*{§•($) + (£) ' (33) 
a b 
where the subscripts again refer to each half considered as a full beam, 
Combination of equations (32) and (33) yields 
62 
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P f^ . ) = ± bL_ (3M 
c r W P + P^ ^ J 
a b 
LPa@ }b + Pa[Pb(|) J 
a b 
P + P, 
a b 
Substitution of equation (3l) a"t this point results in 
Per (D = ̂ " (35) 
It is apparent from the preceding that the conditions of complete 
uniformity and symmetry of the structure are not essential. It is now 
possible to further generalize our results by considering a case lacking 
not only uniformity and symmetry In the body, but in the boundary 
restraint as well. In particular, consider the clamped-plnned beam 
shown in Figure 28b. The section stiffness EI is variable and is 
given by 
EI = EI0(1 - a
2?2). (36) 
where § = X/L, and where a is called the taper ratio. 
The case a = 0 (uniform El) Is best treated individually. From 
Roark (6l) we see that 
Por = 2-° 5 ^ ¥ ' (37) 
and that the flexibility coefficient at the point of application of the 
load, hereafter referred to as the load-point flexibility coefficient, 
is given by 
T3 
= .00911 ~ • (38) 
The product of this coefficient and the critical load is 
pcr(l) = -^ T S ' (39) 
Clearly, ve have an error that exceeds 10 per cent; to improve on 
this we require a larger flexibility coefficient. With this in mind, 
we note that if the beam is loaded such that the load-point flexibility 
coefficient is maximized, that quantity is given by 
L3 
) = .0098^ ij , (to) 
m 
and the usual product becomes 
p
cr© = •** 4i- ^ 
m 
The error has been reduced considerably. 
In dealing with future cases, we tentatively establish the rule 
that the beam be loaded at the point of maximum load-point flexibility. 
Of course, the test of such a load location criterion is its ability 
to load to accurate prediction of buckling loads. 
With regard to the beam unsymmetric about the mid-point, it is 
to be noted that when the ratio of the two section stiffness is zero 
or unity (the two limiting cases), the maximum load-point flexibility 
is located at the mid-point, and those results are undisturbed. For 
intermediate cases, it is doubtful that the minor deviations of the 
maximum flexibility location from the mid-point will seriously affect 
the results. 
Returning to the problem of the parabolically-tapered beam, it 
can be shown (62) that the system has a critical load which is given by 
EI EI0 (M) 
17-79 S < P „ < 17-38 
L2 C r L2 
when a = l/3.> which is greater than that usually found in practical 
application. The analysis of this structure is conveniently done with 
the well-known dummy load method. 
The first requisite is to obtain the actual moment distribution, 
which is dependent on the unknown force R at the end of the beam. 
Toward this objective, the internal complementary work is given by 
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u* = 




where M is the actual moment distribution. Since the reactions do no 
work, the complementary potential is given by an expression identical 
to (42). In terms of the unknown redundant R ., the moment distribution 
is given by 
r < R. i j(i-5) + S-x o < % < x. 
M(|) = J 
QL > 
R. 
lJ(l-§) \ < 5 < 1. 
•̂  
(43) 




R 2 ^ 
L(Q") (1 - ?)2 - K ^ 1 - 5 )(x - § ) + (x-5)2] 
2 _2 
1 - a ? 
d? 
+ i— <^f \
x d-g)2 d. ("A) 
or 
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w* 3-- vr/1' {J4r« - 4 ) I " i i * 1 1 d? (45) 
L3 VQ ^ J0 l-a2f VQ ; J0 1-aV 
2 E I 0 
^ (x -§) 2 
0 1 - a 2 ^ 
+ J . , 2 2 a ^ ' 
Now the force at the end is that R _, among all R 's in equilibrium with 






= o. (46) 
Carrying out the indicated differentiation of (45) and solving for 
we have 
K 
R1N ^0 2 2
 d 5 
1 1 2 a * (47) 
1 i i ^ i l d? 
0 l - a 2 §
2 
Expansion of the integrands of (47) would show that we are dealing with 
three basic integrals, which may be considered as functions of the 
upper limit of integration. Specifically, we have 
vc) = J c ^ ^ 4B3-) <«*> 
B1 ( C ) = I' ?25g = " h ^ A - a V (̂ 8b) 
0 1-a § a ^ 
' C _&£_ _ l_ ,Jr=^. \ . L 
0 1-a ^ a v 1-a £ a 
(̂ 9) 
Substitution of equations (̂ 8) into (k-'j) gives 
or 
where 
R-L *• BQ(\) - (\+l) B^k) + B2(\) 
Q~ = BQ(1) - 2B1(1) + B2(l) ' 
R2 ^Q~7 = ̂ V ^ " (A-+1) B 1 W + B 2 W ' (50) 
R
2 = V
l } _ 2 B 1 ( 1 ) + B2 ( l )- (5D 
Since the lateral deflection is desired for one location (the load-
point) only, a convenient technique is the well-known dummy load 
method. In this case; the dummy, or unit, load is applied in the same 
location as the actual load; a suitable equivalent structure is the 
cantilever beam shown in Figure 33a• It follows that the moment 
distribution due to the dummy load is given by 
(?) 
0 < I < X 
\ < 5 < l 
The load-point deflection is given by 
or 
•3 (A [ ( R - L / Q K I - 5 ) + 5 - x](§-x) 
E I 0 J 0 ~ ^ 2 j 
(52) 
L [M(x)][Md(x)] 
—^o1;1 ,—; — 3.x, ( 5 3 ) 
o , I [ M ( § ) / Q L ] [ M J I ) / L ] 
6 = QLJ | d | . (5M 
w 0 EI(§) 
Substitution of equations (52) and (̂ 3) into (5^) yields 
5 - f - i —x "'. " d?- (55) 
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Diagram of Several of the Beam Configurations 
Studied 
Integration is easily accomplished by expanding the integrand and 
substituting equations (kS) into the result; this leads to 
A R 
- § - = (^-)l-XTi0(x) + (A.+l)Bl(M - B2(\)] (56) 
J_l 
EIo 
+ X\(X) - 2XB1(\) - B2(\). 
The above can be simplified by comparison of the first term on the 




= " (~) R2 + ^ \ M - 2A.B1(\) + B2(X). (57) 
Since the maximum value of (57) is sought, it is necessary to differ-
entiate the above. This is simplified considerably if we recall that 
the functions B are defined by integrals and hence are amenable to 
differentiation by Leibnitz' rule, the derivatives simply being the 
integrands evaluated at the upper limit of integration. This leads 
to a simple result when equation (50) is differentiated; viz., 
i2|:(M = B0(x)-B1W. (58) 
H 
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Now, differentiating equation (57) an<3- substituting equation (58) into 
the result leads to 
R 
L-VJ = 2 B 0 w ^ - - 5 )
+ 2VHir -x) (59) 
EI, 
The maximization of (57) Is equivalent, of course, to the 
vanishing of (59) • It is apparent from the logarithmic nature of B 
and B-, that the root X cannot be found in closed form: a suitable 
1 m 
numerical scheme is Newton's method. In this approach, the derivative 
of equation (59) Is needed. Accordingly, the second derivative of the 
reaction coefficient R-./Q is obtained from equation (58) as 
R2 4 & - 7^2 • (6°) 
d\ ^ 1-a X 
Differentiation of {59) and substitution of (60) gives 
A R 
J = ^W]\~T2\ " ~ LBo(x) " B i W ? + 2 B o M ' ( 6 l> 2 L 2  0 
EI0 
E 2 
The iteration was accomplished with a Hewlett-Packard digital 
computer. The program, found in Appendix I, was written and executed 
in the Hewlett-Packard BASIC language. The maximizing X and the 
flexibility coefficient at that point were found to be 





= 0.0108852. (63) 
Thus 
6 2T 
m\ ^rn tr L P„J^) = .951 ̂ 5 • (6k) 
cr 
The error between this result and that established in equation (31) is 
less than 5 per cent, which is excellent from a practical point of 
view. 
Intermediate Lateral Support and Higher Modes 
It is often necessary to enhance the load-carrying capacity of 
a beam by increasing the number of support locations. While it is 
clear that in general the behavior in destabilizing load environments 
would be considerably altered by ideal (i.e., infinite restraint) added 
support, an equally true, and more useful, statement can be made for 
non-ideal support augmentations. Their prevalence requires that we 
determine whether our test technique is valid for such cases. 
As an example, consider a beam supported by a central lateral 
spring, as shown in Figure 28c. Due to symmetry, the location of the 
maximum load-point flexibility coefficient is the heam mid-point. It 
is shown in Appendix II that the flexibility coefficient there is 
given by 
5 = K4TO • (65) 
It is furthermore shown that for symmetric buckling, which occurs for 
K £ l6ff2, {66) 
the buckling load ratio R is the root of the characteristic equation 
= o. (67) T A5 L 2, , 2, 
" odd n (R"te ) 
The root-finding scheme is outlined in the computer program included 
in Appendix II. Buckling load prediction, using equations (3l) and 
(65), was also Incorporated in the program, and the results of the 
computer calculations are shown In Figure 29. The error in buckling 
load prediction using a lateral load is plotted against the spring 
stiffness K , and it is seen that the error is generally very small, 
rising to 6.33 per cent at the transition from the first to the second 
buckle mode. Beyond that point, the error drops abruptly to zero If 




SPRING STIFFNESS K5 = k5L
J/EI 




mode "buckling load. 
The use of the upper bound is unnecessary, however, if we modify 
our results somewhat. For the antisymmetric (second mode) case, there 
is obviously an inflection point at x = L/2, and the flexibility at the 
load point must have a maximum elsewhere. Indeed, maximization occurs 
midway between the ends and the center support; consider, then, the 
simultaneous application of a point load Q at one of the maximum points 
and an equal and oppositely-directed load at the other. The deflection 
at each location is 
ft Q?-3 
m ~ 8(48EI) ' 
and the total deflection experienced by the beam is 
3 
*™ = 2« = OTM • (69) m m 1^8El) 
Thus, the new maximized load-point flexibility coefficient is 
S 3 
m L QT= M>8EI)' ( 7 0 ) 
The u s u a l product becomes 
,ja\ _ ^ H 2 E I (1\( L3 \ TT2L , . 
c r \Q J - P U A T J S E i r ~W * w 1 ' 
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which is exact. 
This approach can also be extended to other cases in which 
higher modes are critical. The first example taken is that of a column 
which is encastre at both ends and pinned at a center support. In this 
case the buckle mode is again anti-symmetric, and the points of maximum 
flexibility can be determined from Roark (6l) as A. = .29 and ."Jl. If 
oppositely directed loads of equal magnitude Q are applied at these 
points, proceeding as before gives 
ff = 26' = 2(.0098^) Q ( L ^ . (72) 
m m EI 
or 
m ™o),£T3 002^6LJ/EI . (73) 
The critical compressive load is 
P = 2.05n2El/(L/2)2 = 8.2n2El/L2, (7^) 
cr 
and the product of the critical load and the flexibility coefficient is 
P c r ( i ) = -97 4 s > (75) 
78 
giving an error of 3 per cent. 
It is apparent that the foregoing techniques can "be readily 
applied to all higher mode situations. The maximum flexibility 
coefficient must "be determined for all contemplated modes by first 
applying a single concentrated lateral load and then adding additional 
loads of like magnitude in an alternating fashion, in each case 
adjusting the positions of the loads so that the deflection sum is 
a maximum. This defines the "maximum flexibility" configuration for 
that mode and the mode with the lowest value will then be preferred. 
In showing that the preceeding analysis holds for all higher 
modes, let us assume that the strut is pin-ended. Having found the 
maximum flexibility configuration, we separately treat each segment 
between inflection points. The deflection of the segment is given by 
Q(LQ)
3 
6~ = T s i r > ( ^ m 
where L0 is the length of the segment. If the supports are located such 
that the wave form is composed of only one harmonic, the segments are 
all of equal length, and 
b 







The total deflection *$ is thus 
m 
\ = Vm = ^ l • (79) 
m ^ m 48(^)^1 
Furthermore; the "buckling load is given by 
P c r = ( n / ^ , (80) 
LJ 
and the product of the critical load and the flexibility coefficient 
is given by 
/6 x T3 r ( n f TT2EI - 2 
>M) - ̂ r L ^ - J - ̂  -
b 
which is exact. It is thus clear that a crossover from one buckling 
mode to the next is always recognized by the higher-mode approach, and 
the need for arbitrary upper bounds is eliminated. 
It should finally be noted that even if the strut is not pin-
ended, the interior portion of the column deforms into sinusoidal 
waves, and it can thus "be concluded that the error for these cases 
diminishes with increasing huckle mode. 
Non-ideal End Support 
In this section we consider the case of non-ideal end support 
and thus remove, or attempt to remove, the last of the four restrictions. 
We have taken the term "ideal support" to mean that the rotational and 
translational restraints at the ends of a strut are either zero or 
infinite. Obviously, these conditions are unobtainable in practice, 
and a more general procedure with respect to boundary conditions is to 
consider finite restraint. 
The first example in this class is the configuration shown in 
Figure 28d, with Kp = K'3 viz., a uniform strut having infinite lateral 
restraint but symmetric finite rotational restraint in the form of 
identical torsional springs at the ends. Due to symmetry, the maximum 
load-point deflection is at the beam mid-point, and it is shown in 
Appendix III that the flexibility coefficient there is given by 
3 j 3K -: 
6 = IS L1 " W^\ C8a) 
where K is the relative spring stiffness defined by 
It, = k2L/EI. (83) 
It is furthermore shown that the buckling load ratio R is the root of 
81 
the characteristic equation 
16K V 
! - - I T L ~h = °- ^ 
TT _ n R-4n odd 
The root-finding scheme is outlined in the computer program included in 
Appendix III. Buckling load prediction, using equations (3l)> (65); 
and (67), was also incorporated in the program, and the results of the 
computer calculations are shown in Figure 30• The error in "buckling 
load prediction using a lateral load is plotted against the spring 
stiffness Kp, and it is apparent that the error in all cases is 
bracketed by zero and minus 7 Per cent. 
A non-symmetric case can be studied if we consider the above 
configuration minus the right-end torsional spring; i.e., Kp = 0. 
Here, the problem of finding the maximum load-point flexibility 
coefficient is complicated somewhat because its location depends on 
the spring stiffness. Nonetheless, the analysis is carried out in 
Appendix III, where it is shown that the flexibility coefficient varies 
with the load location A. according to the relation 
K 
6 = | (\2-2\3+\ ) - w K
3
+ 3 \ (k\
2-12\3+±3\ -6\^+\ ). (85) 
It Is furthermore shown that the buckling load ratio R is the root of 
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8K X , 
1 " "I L - 4 = °» (86) 
rr _ _, R-4n 
all 
where the inclusion of the even terms reflects the lack of symmetry in 
the "buckled shape . 
It is clear that numerical techniques must he employed in finding 
the value of X which maximizes expression (85), as well as the root of 
equation (86). Such techniques are incorporated in the program in 
Appendix III, and the results of the computer calculations are shown 
in Figures 31 and 32. The error in buckling load prediction using a 
lateral load is plotted against the spring stiffness K in Figure 31^ 
and it is clear that the error in all cases is bracketed "by minus 2.0 
per cent and plus 3.8 per cent. Figure 32 shows the variation of 
maximizing X with spring stiffness, and it is important to note that 
while the location of the maximum flexibility coefficient varies with 
spring stiffness, at no point does it deviate from the column midpoint 
more than 10 per cent of the column length. 
It finally remains to vary the lateral boundary restraint. As 
a first example, it is enlightening to consider the configuration in 
Figure 33aJ viz., a strut clamped at one end and devoid of both lateral 
and rotational restraint at the other. Such boundary conditions are 
Ideal, but they will still serve to illustrate some difficulties. 
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Pcr = % (37) 
while the maximum load-point flexibility coefficient is located at 
the end of the beam and is given by 
T-W- (33) 
Thus the familiar product becomes 
*„(£) - *-° 4L • c*) 
a constant which is not so familiar and is, indeed, vastly in error. 
It is evident that we must finally set a condition for the validity of 
the basic relation shown In equation (31); viz., the relation appears 
to hold (at least to a good approximation) in all cases In which the 
lateral restraint at each end of the beam is infinite. It will be 
possible later to loosen that condition somewhat. 
Meanwhile, a pertinent question is: what causes equation (3l) 
to break down for the case of the cantilever beam? Perhaps the best 
clue can be obtained by considering this configuration, modified by 
changing the end lateral restraint from zero to Infinity. This is the 
propped cantilever beam shown in Figure 28b and considered earlier. 
Here, the product of the maximum load-point flexibility coefficient 
and the critical load was 
*„(£)" '968 T§ ' (90) 
with the maximizing load location X being .586. Why such marked 
difference in the two cases? 
The first phenomenon to note is the radical deviation of the 
location of the point of maximum flexibility in the cantilever beam 
case from the rest of the examples studied; it is the only case in 
which maximum deflection occurs outside the neighborhood of the mid-
point. Indeed, if a cantilever is loaded at, say, the 60 per cent 
location, the load point flexibility coefficient is 
6 = (.6L)
3
 = .0T2 i? ( j 
Q 3EI EI ' Ky J 
and the product becomes 
Pcr(|) = W.6> <*> 
which still displays noticeable error but that is of the correct order 
of magnitude. 
The second, and perhaps most important, feature is that in all 
the configurations we have studied, excepting the cantilever case, the 
deflected shape under both destabilizing and non-destabilizing load 
88 
environments displays two inflection points, one or both of which may 
be located at the beam boundaries. The cantilever beam, of course, 
has only one. A point not to be overlooked is that the boundary 
conditions play a decisive role in the determination of the number of 
inflection points contained in the deflected shape. It is clear that 
the number of inflection points is intimately involved with the sub-
ject of wave shape, and it is equally obvious that there is a signifi-
cant deviation of wave form in the cantilever case. 
How do we resolve this difficulty? If we attempt to account 
directly for the number of inflection points, we can make some 
progress. Denoting the number of inflection points by n , we can 
write 
' 6 \ 2 T 
C r VQ J 22(n T 
P 
and this relationship now holds for all the cases we have considered, 
including the cantilever. 
To proceed with the task of examining the influence of finite 
lateral restraint, It Is Instructive to consider the configuration 
shown in Figure 33^: a strut with rigid rotational and lateral 
support on the left end, and with linearly elastic rotational and 
translational restraint at the other. In so doing we can achieve the 
objectives of considering a fairly general set of boundary conditions, 
while Investigating the single inflection point cases. 
The first order of business Is to find the critical load for 
the system. Toward that end, the Rayleigh-Ritz procedure is used, 
with the assumed deflected shape taken as 
= 1 an(l - cos 2 2 ) , (9k) w 
odd 
where the notation "odd" indicates summation over odd values of the 
dummy index. Noting that we have energy stored in the springs, the 
total potential ¥ may be written: 
W = ~ J {-^) dx + - (w) 
0 dx 
(95) 
X = L 
2 /dw\2 I P ," /dw\ 2 
— fe; ] -2 Jn fey
dx 
X = L 
Substitution of (9k-) into (95)j integration, and noting the orthogonality 
of the functions in the deflection expansion gives 
90 
ki v 
W = - Z, ( a n > <2L> <2> + - L L, aman ( 9 6 ) 
odd odd m odd n 
+ 
2 \ \ /nrr>,/mTT\ . nrr . mrr P \ , \2/n*TT\2,L\ 
— L L aman (2L ) (2L )s in—Sin— "2 Z, <an> W <2> 
odd m odd n odd 
Variation with respect to each arbitrary coefficient a yields the 
lateral equilibrium equations 
a (EI)(~)2(^) + k, ) a (97) 
n\
 y V 2 L v 2 y 1 Z...i m K J 
odd 
+ - (2L)(2L)81n - L amm S l n - " P<-aJ(2Z> <2> = °> n = 1^>5, . . ., 
odd 
due to the facts that 
2 1 




^ / n n \ . nu \ /mru . imr 
2 ( ^ ) s l n — L am ( ^ s i n -
odd 
Solving for the coefficients a gives & n 
, /TT , 2 . nTT \ v . mTT \ 
-k2 (2L ) n S i n — L am m S i n — ' k l Z, a m 
odd odd 
n ~ T ~ 2 
EI (§S) <§> - P(g) (|) 
nir \ . ran 32 
IV^ / ct 
m 
_ ^ n s i n - ^ amm s i n ^ - ^ K £
 a 
odd odd 
n ( n -R) 
n = 1, 3 , 5 , , 
where we have introduced the usual nondimensional quantities 
k 
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(L I ̂  Si^J2) ^9) 
(100) 
K = =- ; (101) 
1 El/L3 
K2 = EI7L •> <102> 
TT E I / ^ L 
It is to be noted that this is an infinite set of linear, but coupled, 
equations, and hence there is not as yet a workable expression for 
each of the a 's. This difficulty may be overcome by summing in the 
following manner: 
nrr » 
n sin K — v- - mn 
a^ = - -p K \ 2_ V amm sin — (10^-) 
TT Z- 2, 2 _. 
n (n -R; 
/l n ' TT2 2 Z. - 7T— 
odd odd n ^n XVJ odd 
32 





L ann sin £| = - -» ^ ^ ^ 2 ^ ^ a m sin 2f (105) 
odd odd odd 
co . nTT co 
on T n S i n -p 
T Ki Z, 27T— Z.^' 
oddn ( n -R) odd 
We can write (1C4) and (105) in a simpler form: 
r 8 ,r m '\ • ™n 32 T/. m \ a , (106) 
L an = - ̂  K2T2 L V Sin T - H K1T3 Z, n' 
odd odd odd 
> V sin £| = - % K2T1 I ann sin fl - 3| j ^ ^ v (l07) 
odd rr odd TT o d d 
where the functions T , T , and T are functions defined "by infinite 
series as follows: 
T, = I -I- ; (108) 
odd n "R 
- s i n ^ 
odd n < n -R> 
T3 = L - 2 7 T T 7 • (110> 
odd D < n - R ) 
Rearranging gives 
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) a n s i n 
Z_J n 
odd 
nrr = 0; (111) 
32 
K.T, ^ ^ 2 A 
odd 
a + ( l + 
n v KL "2T1> 2, 
odd 
TT 
a n s m 
n 
nrr (132) 
It is clear that we have replaced the infinite set of equations by 
two equations in which both the variables and the coefficients are 
infinite series. The only nontrivial solution for the variables 
occurs when the determinant of the coefficients vanishes; i.e., 
( 1 + ^ %T ) 
TT J 
32 
^r- K T 
4 T 2 
TT 
K T 
2 1 2 TT 
( 1 + — K 2 T 1 ) 
n 
(113) 
Expansion of the buckling determinant yields the characteristic 
equation: 
1 + T J K 1 T 3
 + % K 2 T 1 + ^ 5 K K £ (T T l - T | ) = 0 
TT TT TT 
(uM 
95 
The solutions of this equation must he found by numerical means. 
Accordingly, a two-point iteration scheme was developed and incor-
porated into a BASIC computer program that is found in Appendix IV. 
Since for many values of K and Kp there existed more than one 
solution below the limiting first-mode value R = l6, care was taken 
to ensure that the lowest eigenvalue was obtained. 
Having solved the eigenvalue problem it remains to perform the 
flexibility analysis. This is conveniently done in a manner parallel-
ing the previous developments, using the dummy load method. 
The first step in this process is to do the redundant analysis. 
Accordingly, the fact that the potential of applied displacements is 
zero for this problem means that the total complementary potential 
can be written as 
W * = Q L 
2^3 r> L - W P V - 2 ^
2 / R , x 2 r ^ 2 /MnX2 
2EI L QL-J d 5 + 2iq KQT) + -&q [<QXJ > ( 1 1 5 ) 
where the moment distribution M(§) is a function of the two redundant 
quantities R../Q and M,/QL. Specifically, we have 
r(Rn/Q)(l-§) + NL/QL + | - \ 0 £ % <• \ 
M( g) - ^ 
QL 
(116) 
( R 1 / Q ) ( I - § ) + I ^ / Q L x £ 5 £ i 
Compatibility requires that the total complementary potential be 
minimized with respect to the independent parameters; the result is 
s r w* 
R l \ L Q2L3 J *m -k m^•2 FT3G 
R r 
a [-^ 
Q / 2EI \t 
l ^ I r 
= 0 . (117) 




i" M i l ] _ A _ i Mi l 
QL J /M.,-, L QL J 
\QL/' 
« + 2 I J L ( S = 0 . (118) 
Performing the indicated differentiation of equation (ll6), substitution 
into (117) and (ll8), and simplification give 
lr-/R. 




12Y L ^ ^ ^ ^ j d - ^ i - J (^-5)(i-5)dS+ K 
X R n /Q 
= 0 ; (119) 
. 1, ,R,N ,M , n A M /QL 
4 L ^ ) ( I - 5 ) + (oi'>? - J0 ( -̂?)d5+-V 
= 0 (120) 
Integration and simplification results in 
V('2+6\ ̂  (\\ 2 _ ,3 . 
Aid + U L / ( 3 ) =3X - x (121) 
!i + (%&£\ ,
2 
Q VQLA K^S 
(122) 
Solution of the above by Cramer's rule yields 
R 
i = X2K-
2(3-\)(K2+l) - 3K2 1 






6 - ( l - \ ) K. 
X K2 UC Kg + 12K2 + 4K + 12J 
Knowing the redundants enables us to obtain the load-point 
f l e x i b i l i t y coeff ic ient . In using the dummy load method, a sui table 
equivalent s t ructure i s the cant i lever beam shown in Figure 33aj with 
a uni t load applied a t ? = X. Again the basic re la t ionship is 
6 = 
EI 
r • Mil) 
QL J 
•ya-i 
L L J d | , 
(12M 
where M ( 5) is the moment distribution due to the dummy load. We 
have 
L 
% - \ 0 ^ % < X 
^ § ^ 1 
(125) 
Substitution of (ll6) and (125) into (12*0 gives 
6 = 
0 
X r-/R,\ /M , 
^(i-OtH) + (QE)(^) + U-M as. (̂ 6) 
Integration is straightforward; the result is 
6 = x
3 f\\ (x2 x3\ (Mi\ x2 
3 ' \ Q/ V2 " FV'VQL; 2 ' (127) 
The relation between S and X is obtained by substitution of expressions 
(123) into (127), yielding 
(^2+12^+^+12) 5 = |- (^^+12^+^+32) 
-\ (^2+3^+3X2) + X5K1(K2+2)-?,
6 ̂ (K2+l) 
(128) 
We now have at hand expressions for all the quantities needed in 
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the deflection analysis of the elastically-restrained "beam. In evalu-
ating the ability of equation (93) to predict "buckling loads, it was of 
course necessary to maximize the expressions for 6 . The general 
scheme for doing this was to systematically vary the load location, 
computing the load-point flexibility coefficient for each X. The new 
value of 6 was compared to the previous value, with the process 
terminating when either a decrease in value, or a X such that X > 1, 
was encountered. Iteration was such that a maximum value of 6 was 
converged upon. The main reason for using this approach was the 
possible presence of absolute maxima, which would not correspond to a 
zero derivative. 
The results of the buckling calculations are listed in Table 1 
and illustrated in Figure 3̂ - The buckling ratio, which, it must 
be noted, is four times the usual end fixity coefficient, Is plotted 
against the relative rotational and lateral spring stiffnesses. The 
sharp crease near K = 4-0 is due to a change in buckle mode there. 
Figure 35 shows the variation of the quantity R<5 with the 
spring stiffnesses. The immediate observation is that the surface 
is far from flat, a conclusion that we should have anticipated in view 
of the cantilever beam result. Furthermore, our previous observations 
concerning inflection points account for the four-to-one change In 
elevation. Indeed, it would appear that equation (93) "would provide 
a very good approximation to the true state of affairs for the extreme 
cases K, = 0 and K = co. In point of fact the latter case was 
treated Individually in Reference 59; "where it was shown that the 
Table 1. Buckling Loads for the Elustically-Restrained Beam of Figure 33b 
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maximum deviation from equation (93) w a s less than k- per cent. 
The maximum error in the former case is J.l per cent. 
Concerning the validity of equation (93) for intermediate values 
of K-,, we might anticipate some difficulty. While the R6 surface is 
l7 m 
certainly not flat, it is at least smooth. Yet somewhere between 
K-, = 0 and K.. = °° there is a change in the number of inflection points 
from one to two, a change which, by its integer nature, must be 
discontinuous. Hence, equation (93) must contain a discontinuity in 
buckling load prediction that does not reflect the actual state of 
affairs. A look at Figure 36, which shows the error incurred from 
using this equation as a buckling load prediction relation, confirms 
our worst fears. In the region of the discontinuity there is no way 
that the error, which is as high as 235 Vex cent, can be considered 
acceptable. 
It is possible, however, to define regions in which the error 
is acceptable. The dotted lines show contours of 10 per cent error, 
and If that error is deemed acceptable, then the regions lying outside 
of those lines may be considered to constitute the domain of 
acceptability for equation (93)* In short, that relation can be said 
to accurately predict the buckling load of the beam shown in Figure 
33b for values of K-. greater than 500 and less than 10. 
It is important to consider what actually happens at the dis-
continuity. For K-, = 0, the maximizing X is unity (the load is at 
the end of the beam), and the flexibility coefficient there is an 
absolute maximum. By way of contrast, when K, is infinite, the maxi-
5 0 % T 
VERTICAL SCALED 
ioo0 J 
Figure 36. Error in Predicting the Buckling Load Using the P-Delta Approach for 
Configuration 33b. 
105 
mizing X is in the neighborhood of the beam mid-point, and this 
flexibility coefficient is a relative maximum. For an intermediate 
range of K values, both a relative and an absolute maximum exist; 
at the discontinuity, the maxima are equal, and there is an abrupt 
change in the X corresponding to the greater of the two. The 
quantity 6 is of course continuous, and it is entirely due to the 
discontinuity in the buckling load prediction relation that there are 
huge, albeit rapidly decaying, errors in that region. 
Obviously, it is not actually necessary to locate and count- the 
inflection points in each case; it is sufficient to observe that X = 1 
implies one inflection point, and that any lesser X implies the 
existence of two. 
P-Theta Approach 
Eon-Ideal End Support 
It is apparent that equation (93) is inadequate in predicting 
buckling loads when finite lateral restraint is present. Indeed, one 
may question whether any formula that involves merely the deflection 
under the load could ever be adequate, Inasmuch as there is a strong 
hint that more than one measured quantity is needed. 
We have thus far emphasized the importance of inflection points 
in beam behavior, indicating that there might be some sensitivity to 
wave form, as opposed to wave amplitude, that is lacking in the 
measurement of a single deflection only. It is noteworthy that an 
inflection point is also a point of extremal slope, and It is only 
natural to wonder if the measurement of maximum slopes might provide 
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a better estimation of the buckling load than using the deflection 
approach. 
The first observation this new approach brings to mind is that a 
single load can produce more than one measurable slope, if, for 
example, we consider the case of the clamped-clamped beam, a load at 
the point of maximum flexibility (the mid-point) produces only one 
deflection under the load, but two extremal slopes - one positive and 
one negative. In this case, then, we would have two measurable parameters 
if we decided to consider all non-zero extremal slopes. This feature 
has two marked advantages: it may give us more flexibility in dealing 
with configurations having elastic restraint; and we may have as many 
different slopes to use as there are boundaries having unknown or non-
Ideal boundary support. This last point may have special significance 
in dealing with two-dimensional structures. 
The second observation is that while the deflection of a beam 
under a concentrated lateral load is proportional to the cube of the 
length, the slope is proportional to the square of the length. Fince 
the critical load is inversely proportional to the length squared, it is 
apparent that the product P (S/Q,) is independent of specimen length. 
This is more than a slight convenience. It will be recalled from earlier 
discussions that the length quantity to be used in equation (93) is not 
necessarily the nominal strut length. In particular, when boundary con-
figurations contain rigid carriers, attachments which move without partic-
ipating in bending deformations, the question of effective strut length can 
be fairly involved; this issue is avoided in the proposed new approach. 
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In order to evaluate a "P-theta" procedure, we must obtain 
expressions for the slopes; this can he done in a fashion similar to 
that used in finding the deflections. For configuration 33̂ .? the 
dummy load system is that shown in Figure 33c, where u represents the 
"ohservation", as opposed to loading, point. The dummy load moment 
distribution is given by 
r 
M 




n * l^ i 
whereas the actual moment distribution is of course unchanged. The 
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substitution of (ll6) and (129) into (130) gives 
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(133) 
Integrat ion yields 
= ^ - ^ ^ ^ - 4 s QJ' (13^) 
The location of extremal slope is found "by differentiating equation 
(13̂ -) with respect to the measuring location \±, with X fixed, of 
course. Forcing this derivative to vanish thus gives 
x - w) - \W 
(135) 
1 - 1\ 
which Is the location of the first inflection point encountered in 
moving from the clamped toward the elastically-restrained end. 
For the region to the right of the load, both the dummy and 
the actual moment distributions remain the same; the limits of inte-
gration change to reflect the fact that 
[i 2> X. (136) 
Again, substitution of (ll6) and (129) into (130) gives 
EI 
3 r X 
j l[(o i)(1-5)+^J+l"xAi;ds (137) 
Qlr 
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_.r)(1-s) + (^> s + J 0 ^-s )
a 5- (138) 
Integration yields 
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Again, "by means of differentiation, the extremal slope location is 
found to "be 
(M /QL) 
% - 1 + TRTQ) ( l 4 o ) 
Calculation of the extremal slope is now straightforward; the 
same computer program used to get the maximum deflection suffices. All 
that is required is to use the converged value of X to calculate the 
location u. of the extremal slope and use that information to obtain 
m 
the slope itself. 
Physically, we can expect difficulties in maximizing the slope 
in equation (139) when X = 1. Mathematically, the same is true. A 
look at equations (123) indicates that when X = 1, the quantity 
(M-,/QL) is positive. Furthermore, we have 
0 < (P^/Q) £ 1. (llkL) 
Therefore, 
M /QL 
^m = 1 + R^Q * X> ^ 
and LL is outside the range of consideration, due to the existence of 
1 m *-> ' 
only one inflection point. Thus, to avoid the question of what to 
do when the second inflection point is not located on the heam (does 
not exist), only the first extremal slope, denoted as 9 , will he 
m 
considered at present. 
The product R(9 is shown as a function of the rotational and 
m 
lateral end restraint in Figure 37; and it is seen that the surface 
has only a two-to-one change in elevation, as opposed to the four-to-
one change in the R6 surface (Figure 35)• Another difference is the 
discontinuity that occurs for values of K in the neighborhood of 77 
to 111. This phenomenon is a result of the abrupt change in maximizing 
X that was discussed earlier. While the values of 5 are continuous at 
m 
the discontinuity, the values of 6 are not, due to the fact that the 
abrupt change in X results in marked changes in deflected shape, with 
corresponding abrupt changes in the maximum slope. 
With regard to formulating a rule for predicting the buckling 
load on the basis of a lateral load test, it would be possible to 
handle the two-to-one drop-off in the R0 surface in a fashion similar 
m 
to that in which the four-to-one decrease in the R6 surface was handled 
m 
In particular, a little reflection will indicate that a low of the form 
(1^3) m 2n 
P 
would work quite well for the flat areas of the surface. Substitution 







Figure 37. Variation of the Quantity R0 vith End Restraint for Configuration 331: 
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,Q , 2 
cr V Q/ Bn 
p 
where n is again the number of inflection points. 
P 
It was previously noted that the number of inflection points 
was readily determined from the load location X . Indeed, one might 
wonder if the quantity X itself might be used in place of n , with 
^ m p' 
the possible consequences that where small variations in X exist, the 
prediction of the buckling load would be Improved where the R0 surface 
Is not quite flat. Noting that n and X form a roughly reciprocal 
relationship, we can readily formulate a slightly different rule: 
X 
R0 = -f . (145) 
m 2 \ s j 
ox 
C4) = ^ ^ • (i«) 
cr ~S * 
It is to be noted in this proposed rule that we have two discon-
tinuous quantities, one on each side of (lV?) an(3. (l46), instead of 
just one. It is hoped, of course, that the discontinuities will 
neutralize one another in predicting the buckling load. 
The evaluation of this buckling load prediction scheme was 
carried out, and Figure 38 shows the variation of the quantity 
VERTICAL SCALE: 
'ooo. 
Figure 38. Error in the Relation R0m=Am/2 for Configuration 33b H H 
m _ / m\ 2 m 
m 
with lateral and rotational spring stiffnesses. Unfortunately, it 
appears that the error in the rule along the discontinuity is still 
considerable; this fear is borne out in Figure 39* in which the error 
in the predicted buckling load is displayed. Obviously, the hoped-for 
neutralization did not occur. It is interesting, however, to compare 
these results with those in Figure 36. Along the lines K = 0 and 
K = «> the two surfaces are identical for values of K less than the 
discontinuity values of 76.9255 and 111.310* respectively. In the 
remainder of the region to the left of the discontinuity, the 
differences in surface shape are quite small, and we can conclude that 
in this region, characterized by 
X = n = 1, (ikQ) 
m p ; v ' 
the P-delta and P-theta approaches are nearly equivalent. 
To the right of the discontinuity, variations in the load 
location X occur, and we no longer have equivalence between the n and 
m 7 
the X rules. Hence, comparison between Figures 36 and 39 is no longer 
valid. It is interesting to note, however, that In the region where 
X is less than unity, Its Influence has been harmful rather than 
m ' 
helpful, as we had hoped. This buckling load prediction scheme is, 
VERTICAL SCALE = 
lo0o.l 





nevertheless, valid in some regions; accordingly, the 10 per cent 
contours are again delineated by the dotted lines. 
Where do we go from here? It is abundantly clear that our 
problems have occurred primarily at the discontinuity; hence, a non-
destructive test to predict buckling loads should ideally be based 
on continuous quantities. It is also obvious that the use of the max-
imum load-point deflection is particularly bothersome In this regard. 
It does, however, possess many advantages, and a pertinent question is 
whether it would be possible to minimize the discontinuity while 
retaining the same basic scheme. 
In taking this point of view, we may recall that in the neigh-
borhood of the discontinuity, there are two extremal load-point flexi-
bilities, one of which is relative and one of which is absolute. If 
a rule is formulated that uses slopes obtained from both load locations 
(and which works when the spring stiffnesses are zero or infinite), 
the resulting function, and hence load prediction, will be continuous 
where there is presently a discontinuity. We have, however, only 
delayed the day of reckoning. There will be one line along which the 
relative maximum ceases to exist, and another line along which the 
absolute maximum disappears. If we vary the spring stiffnesses such 
as to move outward from the original discontinuity across either of 
these lines, the number of extremal load locations will change abruptly 
from two to one; hence this approach would smooth the one discontinuity, 
but would introduce two new ones. 
Another observation is that the maximum load-point deflection 
and the maximum deflection do not necessarily coincide; i.e., the 
beam slope at the load point may not be zero, even though the load-point 
flexibility has been maximized. This is particularly true in the 
neighborhood of the discontinuity. Thus, a prediction rule that 
utilized maximum deflection instead of maximum load-point deflection 
would still result in an abrupt change in maximizing X, but the change 
would occur for smaller values of K-,, with correspondingly smaller 
maximum errors. In other words, there would be end restraint con-
figurations near the discontinuity for which we could write 
/. . ., . , R\ I , / n < (max. load-point 6)1 /niiQ\ (max. load-point o) \ X t 1 '\ X = 1 (l4o) 
m m v J 
< (max. 6) 
X + 1, m ' > 
and the change from X = 1 to X in the neighborhood of the beam mid-° m m 
point, while still abrupt, would occur before quite so much error had 
accrued. Of course the computational difficulty involved in evaluating 
this scheme, as well as the work involved in using it experimentally, 
is very much enhanced owing to the fact that for each value of load 
location, the entire length of the beam must be scanned to find the 
location of the maximum deflection. For this reason it was decided 
not to attempt to use this approach. 
We must conclude, then, that any scheme in which the load 
location is dependent on beam deflection behavior is going to give us 
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a discontinuity in "buckling load prediction, with resulting errors of 
considerable magnitude, whenever the prediction relation involves 
slopes. If these abrupt changes are to he avoided, another criterion 
governing load location must he used. 
One can characterize all the tests thus far hy (l) a simple 
buckling load prediction relation, and (2) a load location criterion 
sufficiently involved to make the test work. It is entirely possible 
to reverse our point of view and use a fixed load location, adjusting 
the prediction relation to minimize prediction errors. Working still 
with the elastically-restrained beam of Figure 33^, the load location 
that comes first to mind Is X = .5, and it now remains to verify 
whether this approach has any promise. 
The first question to be settled is what relation to use in 
the buckling load prediction, assuming that we measure some maximum 
slope. The answer is most efficiently obtained by first considering 
the four limiting cases. We note that the \ = .5 coincides, for the 
clamped-clamped case, with the previous load criterion, and so we 
suspect that the relation 
might work again. Indeed, we see that the error in using the above 
relation in the clamped-plnned case Is only -2.2 per cent. However, 
the configuration having K. = 0 and K = ^ is considerably in error 




between the load point (u = .5) and the weak end of the beam (\i - l) . 
If we let 0 be the greatest magnitude of the slope, this modification 
m 3 
leaves the previous two limiting cases unaffected and makes the bucklin 
load prediction in the last case exact. 
In the case of the cantilever, however, we are not so fortunate. 
Here the error is exactly 100 per cent; for this case some correction 
is needed. One way of making such a correction is to use the relation 
R ) I = y- J : — r . (150) 
m 4(1+c) v ' 
where c is a correction factor that is unity for the cantilever and 
zero for the other three limiting cases. A number of formulas meeting 
this requirement are possible, but the most convenient and effective 
seems to be 
= = ft \ J \ J (151) 
where the subscript 1 indicates slopes and deflections at the end 
(u = l) due to a load at the middle. In trying equation (l5l) for 
finite elastic restraint, however, we observe that as either K or K , 
or both, Increase from zero, there is a decrease in c that is much too 
rapid. It turns out that a very simple way to correct this situation 
is to use the relation 
R I o 1 = i/^ ^ J (152) 
m 4(l+c*)' v y 
where c* is given by 
c* = c(2-c) , (153) 
and where c is determined as before from equation (l^l). 
It is now judicious to observe that when K1 = °°, c and c* are 
zero Independently of Kp (since 5 = 0); the same Is true when Kp = », 
independently of K-, (since 6-. = 0) . Along the first line, the buckling 
load prediction is quite well-behaved, the error being bracketed by 
-2.2 per cent and 6.3 per cent. Along the other line, the error in-
creases from zero of K, = 0 to 8.2 per cent at K = kO. Referring to 
Figure 3^ ^e observe that this is the location of the crease, where 
the buckling load abruptly levels off. For this reason the error, as 
K, increases beyond kO, rises rapidly, to reach a peak of 70-7 per 
cent at K =70- In other words, the buckling load prediction con-
tinues to follow the precipitous slope seen In Figure 3k- and drastic-
ally overshoots the actual buckling load when the crease is passed. 
It is interesting to observe that precisely at the peak of the error, 
the maximum and minimum slopes have the same magnitudes; this is the 
crossover point between the dominance of one to the dominance of the 
other in the calculation of G • We would suspect, then, that the 
addition of some factor that distinguishes between positive and 
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negat ive s lopes might he h e l p f u l . Indeed, cons ide r the q u a n t i t y 
max mm 
I 9 I I m I 
- 1 , (15>0 
where 6 is the maximum slope, 6 . is the minimum slope, and 
max ' m m ' 
0 is the greatest magnitude of the slope, and hence is the 
| m ° D * 7 
quantity used in the huckling load prediction relation (152). It is 
clear that expression {l^h), multiplied by the appropriate factor, 
has the proper qualities, and it might he noted that this is the first 
time we have made use of the fact, previously mentioned, that a single 
load can generate two extremal slopes. Since only half of the heam 
Is heing considered, only one of the slopes in the numerator of the 
quotient can he a relative extremum; the other extremum must he 
ahsolute. It is significant that the combination of relative and 
ahsolute extrema causes no problems. If the latter is zero, then 
quantity (l^h) Is also zero. Thus, If the quantity is used in an 
additive fashion, the only limiting case affected is the clamped-
pinned configuration, in which case expression (15̂ -) has a value of 
.25. In order to use the expression, we must either accept a con-
siderable error for the clamped-pinned case or find a suitable 
multiplicative factor to force the expression to vanish, or nearly so. 
Choosing the latter alternative and trying various possibilities results 
in the relation 
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c* = c(2-c) + 3-5 (0Jnax" 0 m i n - l)[l+(3^J3](^)2, (155) 
Q H 
m 
where the various constants are selected to "bring maximum correction 
at K, = ^0, ininimum correction at IC = 40, and proper correction for 
the clamped-pinned case. 
It should "be noted that equation (155) implies that its use 
as a practical test requires the measurement of the reaction at \± = Ij 
this could "be a severe difficulty. In this case the best course of 
action would "be to use quantity (15̂ -) with a constant multiplicative 
factor, accepting the error in the clamped-pinned case as the cost of 
using the simpler test. Of course, If the test engineer knows a 
priori that his elastic restraint is considerably different than the 
clamped-pinned configuration, the cost may he negligible. 
It remains to test equations (151), (152), and (155) along the 
line Kp = 0. Doing so, we make the dismaying discovery that we have 
an error that is zero for the limiting case K-, = 0 and -0-5 per cent 
for K = co but that peaks at a very nasty 75-68 per cent for K =12. 
The reason Is simple. If we substitute the value \ = .5 Into equations 
(123) we see that the moment at the end of the beam (\i = l) Is given 
by 
Mq K2 i ^ ^ i 
QL = ~cT Uc^+^I^+^K +12 J * (15 ' 
Hence, at K =12 the end moment is zero entirely independent of 
K ', the rotational spring is unstrained. Thus, the end slope is also 
zero, and the beam deflected shapes for all values of Kp exactly coin-
cide. We may say, then that the test sees the zero slope condition 
at n = 1 and concludes that it is dealing with infinite rotational 
restraint, which in general is not true. The buckling load prediction 
is based on rotational fixity and in those cases where the actual 
buckling load is considerably less (for example, at Kp = 0) the error 
is proportionately high. 
The natural question to ask at this point is whether this 
difficulty might be avoided by the use of some other fixed X. A look 
at equations (123) will show, however, that for any set X there will 
be some value of K-, for which M /QL is zero independent of K„, 
except X = 1. Since we know that a test using X - 1 cannot yield any 
information for large values of K , we are forced to admit that the 
use of any fixed X will result in some region of large error. Thus, 
the present test is inherently limited, as in any test using a fixed 
X for a load location criterion, and dramatic improvement in the 
results is impossible. 
The error associated with using equations (l5l), (152), and 
(155) is plotted in Figure kO; the trough is due to the presence of the 
quantity (15^-). While we do have a large maximum error, it must be 
remembered that it is still much smaller than the errors near the 
discontinuities in the earlier tests. Furthermore, we do have less 






Figure 40. Error in Predicting the Buckling Load by the Mid-Point Lateral Load 
Test Only for Configuration 33b 
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Kp = a
3, and this is a distinctly improved result. In fact, if the 
engineer has some reason to "believe his beam restraint is not in the 
high-error region (and the engineer usually has some indication, from 
the design of the support structure, what sort of restraint he is 
dealing with), he has a test giving quite good accuracy, from a 
practical point of view. 
If one still wishes to reduce the maximum error, there is 
always the possibility of using a different test having low positive 
error where the above test has high positive error. One could then 
perform hoth tests, estimate buckling with each, and choose as his 
final prediction the lower of the two. Looking at the X = 1 region of 
Figure 39; a& obvious second test is a lateral load at the end of the 
beam, even though It has the shortcoming mentioned earlier. The main 
difficulty in using it in conjunction with the mid-point test is that 
there is some overlapping of high-error regions due to the rapid rise 
in end-load test error with increasing K . It behooves us, then, to 
look for some attenuation factor we could attach to the buckling load 
prediction in the end-load test. Since we have already burdened our-
selves with measuring the end reaction, an effective factor arrived 
at "by trial and error is 
,R N175(e + .065) 
1 - l~) 
(157) 
,R N5OO(0 + .00001) 
1.00001 - (— J 
where the "buckling load prediction relation is 
c Rem= \ , (158) 
which is really equation (1̂ -9) in disguise. The results of the two-
test combination are shown in Figure kl. For low values of K, the 
end load test gives the lower predicted "buckling load, except in the 
immediate vicinity of the cantilever limiting case. For high values 
of IC, the mid-point test has the better performance, and the cross-
over boundary is the ridge of a cusp whose sharpness increases with 
decreasing Kp. In one area the demarcation line descends into the 
trough of Figure kO; it appears in Figure kl as a heavy line tumbling 
off the tip of the cusp in the neighborhood of L = 3« 
While we have for the combined tests a maximum error of 27 per 
cent, which is still considerable, the error diminishes very rapidly in 
moving away from the crossover boundary. It may be said, then, that for 
all practical purposes the combined tests predict the buckling load 
for an elastically-restrained beam to within 10 per cent, and as a 
non-destructive test technique this is an enormous improvement over 
what the test engineer has had to work with previously. 
Of course the empirical nature of the expressions (155) and 
(157) for the factors c* and c introduces two considerable drawbacks into 
the test method: the expressions are impossible to memorize, and the 
measurement of several quantities is required to use them. We cannot 















Figure 41. Error in Predicting the Buckling Load by End and 
Mid-Point Lateral Load Tests for Configuration 33b. 
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point of view is to use the original scheme with the simple "buckling 
load prediction relation and the more involved load location criterion, 
Of course we must still deal with the discontinuity problem previously 
mentioned. In this regard, we may recall the success we enjoyed in 
using expression (l^h), where both positive and negative extrema were 
used, and it is interesting to speculate whether the same sort of 
trick might be useful in the original method. Consider, then the 
relation 
; = max^ m m . {±c>g) 
While this new expression for Q has in common with expression (l^h) the 
property that it is not affected by the number or type of extrema 
encountered, it is clear that a discontinuity still exists where X 
3 m 
changes abruptly. Indeed, if we use the buckling load prediction 
relation 
\ - h (l6°) 
we see that for X - 1 there is no change in the predicted buckling 
load from the results of using the old relation (1*4-3) • Th-e really 
significant feature of using equations (159) aiid (l60), however, is 
that the prediction relation itself is the same on each side of the 
discontinuity, even if the quantities used in the relation are not. 
130 
To see that this is a new result, one must only note the presence of 
X or n in all the other relations based on a variable load location. 
m 
As for the discontinuity itself, we note that the change in 
predicted buckling load will tend to be somewhat less than before, due 
to the mitigating presence of the quantity 6 . in equation (159) "when 
X is in the neighborhood of the beam mid-point. More importantly, we 
find that of the four limiting cases., the only one whose buckling load 
is not predicted exactly is the clamped-pinned beam, and its prediction 
is in error a miniscule .795 per cent. Thus, if some means of dealing 
with the abrupt change in X can be found, the use of equations (159) 
and (l6o) shows great promise. 
At this point it should be reiterated that the location of the 
lateral load was determined according to the value of X which extre-
mized the expression for 5, equation (128), and that the resulting 
extremum could either be relative or absolute. Moreover, most of the 
trouble in predicting the buckling load occurred when the extremum 
changed from one type to the other. A convenient way of skirting the 
discontinuity issue, then is to consider only those cases in which the 
relative maximum exists, which is to say that there will be a region 
of low K-, values in which the test will not apply. Using this 
criterion, with equations (159) and (l6o) to predict the buckling load, 
results in the region of validity extending from K, = «> down to a 
line which, unfortunately, is only slightly beyond the original dis-
continuity. Thus, the size of the region is inadequate. Furthermore, 
the errors near the lower limits are horrendously large, all of which 
means that this load location criterion must he thrown out. 
It is possible, of course, to use other characteristics of the 
X - 6 curve to arrive at other load location criteria, with the hope 
that equations (159) a&cl (l6o) would still apply. In this regard, it 
is interesting to note that the set of cases in which a negative 
curvature exists contains as a subset all the cases displaying zero 
slope. Furthermore, the location of extremal negative curvature 
(zero third derivative with respect to X of 6) closely approximates the 
location of zero first derivative, where both exist. Thus the results 
for K., = °° would not be greatly affected, while the region of validity 
might be extended considerably. We might then propose as a load 
location criterion that the load be applied at the location of extremal 
negative curvature, where it exists. 
For the two limiting cases at K = 0, we have already noted that 
equation (159) anci (l6o) provide exact buckling prediction when X = 1. 
It is only natural that we attempt to establish a completely general 
test that entails the following procedure: 
(1) If the lateral restraint at the end is sufficiently 
small to permit measurable deflection when loaded at the end, X = 1 
is the one test position; 
(2) If, and only if, the X - 6 relation, equation (128), 
displays a region of negative curvature, a second test position exists 
and is located where that curvature is extremized; 
(3) Where both test locations exist, the one leading to the 
larger 0 , and hence smaller predicted buckling load, is used In the 
prediction relation, equation (l6o). 
Using this test result is a considerahle improvement over the "maximum 
load-point flexibility" approach, as will he seen from a glance at 
Figure k-2. The cusp that is prominent at low values of Kp again de-
notes the crossover line from the dominance of the end load to that of 
the maximum curvature criterion. The error in the load prediction is 
generally well within 10 per cent, except for the small region in 
which the cusp rises to k-2 or k-3 per cent. It is of interest to note 
that the load location and the prediction error for the clamped-pinned 
beam are .62lh6rJ and .^-30716 per cent, respectively, whereas in the 
"maximum load-point flexibility" approach these figures were .585551 
and -795 per cent. 
It is Interesting to wonder what further Improvements might be 
obtained using equations (159) and (l6o). Noting that errors associated 
with the previous test and illustrated in Figure k-2 are largely positive, 
we may investigate the maximum potential of the two equations by 
proposing a third load location criterion: the load should be applied 
In the location that maximizes the quantity 6 in equation (159) and 
hence minimizes the buckling load prediction of equation (l6o). The 
results of such a test are shown In Figure V3 • The striking feature 
is the resemblance of this graph with that in Figure k-2; they are 
indistinguishable save for the upper ridge of the trough near K = 30. 
Here, the cusp Indicates the crossover line between regions of relative 
and absolute maxima in 6 , or between X = 1 and X near the mid-point. 
nr m m 




Figure 42. Error in Predicting Buckling Loads by the Maximum Lambda-Delta 





Figure 43. Error in Predicting Buckling Loads by the Minimum Load Prediction 
Criterion for Configuration 33b 
UJ 
4=~ 
locations were slightly different. For example, the load location 
and prediction error for the clamped-pinned case are now .611891 and 
.3̂ 2265 per cent, respectively. 
The implications of these observations are significant. The 
maximum-curvature criterion gives approximately the optimum load 
locations as far as equations (159) an(i (l6o) are concerned. That the 
equations are fairly insensitive to load location is indicated "by the 
similarity of Figures h-2 and k-3; as a*i example, in the clamped-pinned 
case, a 1 per cent change in the load location produces a prediction 
error change of only .09 per cent. 
Computer programs for obtaining the data graphed in Figures k-2 
and -̂3 a^e contained in Appendices IV and V, respectively. 
It is appropriate at this point to further test the generality 
of the results of the P-theta approach by evaluating it, in conjunction 
with the three load location criteria, for the structures analyzed in 
the section dealing with the P-delta approach. In dealing with finite 
rotational end restraint, a more general procedure than that used 
previously is to consider the beam configuration in Figure 28d, with 
the difference being that both k and k are allowed to vary between 
zero and infinity. Of course this problem contains as special cases 
the two rotational restraint problems done earlier. 
The analysis of this structure is carried out In Appendix III, 
and It is shown that the flexibility coefficient varies with the load 
location X according to the relation 
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3 ( ^ + ^ + ^ + 1 2 ) 6 = X2(3K2+12) + X
3(K2K -Qi^+k-K -2k) ( l 6 l ) 
+ X (-3K2K +6K2-9K +12) 
+ \ 5 (3K 3 ) (K 2 +2) + X ( -K2K3-K2-K3) . 
It is furthermore shown that for 
[i £ X, (162) 
the slope, measured at £ = u, and caused by a load at § = X, is given 
by 
M̂_v ,., v /R.v /n 2 
(^(i-^^^S-^r) ^) 
*3 .2 2 
X A. , - u 
+ r - — + vx - — , 
where R-/Q and M /QL are the right end vertical reaction and moment 
coefficients, respectively, and are given by 
1^ pXK Jx-l) + 2(X2-1)-, 
QL = ^ 2 L K2K3+^2+te3+12 J
5 ( l 6 ^ 
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R1 ;-K2[XK ( 3 ~ 2 A ) + 6 - 2 \
2 ] + 2XK (3-^.) + 12. (165) 
Q~ = X 1 K0K0+4-K0+4K0+12 J 
2 J 2 j 
This s lope i s extremized vhen 
QL Q 
% ~ 1 - E l 
For 
the slope in this interval is given by 




n * x, (167) 
SX!-M?)3--tV# u«> 
n = -|£- + 1. (169) 
m R \ yy 
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For this problem, the huckling analysis is conveniently done in 
closed form; the characteristic equation is 
n^ (K2+K3)(sin ^ - \ cos ir̂ ) + Î K (2-2 cos m^-m^ sin ir̂ ) (170) 
o 
+ (m^) sin m^ = 0, 
where 
11̂  = TT JIT . (171) 
Again, numerical techniques must he employed in finding the maximizing 
Xy as well as the root of equation (170). Such techniques are outlined 
in the computer program included in Appendix III. A partial listing of 
results is shown in Table 2. For all three location criteria, the 
errors were non-negative for all values of Kp and K„. The maximum 
error for each case was 6.57 Per cent and occurred when 1C = K = 2. 
In addition, the P-delta approach was tested for this configuration. 
The maximum error was 3»78 VeT cent, occurring when K„ = °° and K = 0; 
the minimum error was -6.^6 per cent, occurring when Kp = K = 10. 
For the special cases Kp = K_, the three load location criteria 
of the P-theta approach coincide, with X = .5• Thus, the three curves 
of huckling load prediction are Identical; they are plotted with the 
P-delta error curve in Figure 30* 
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Table 2. Some Results for the Beam with Unsymmetrical 
Rotational Restraint, As Shown in Figure 2 8d 
SPRING STIFFNESS K = k2L/EI 
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For another set of special cases, characterized by K„ = 0, the 
resulting error curves are plotted with that of the P-delta approach 
in Figure 31- Again, the striking feature is the similarity among all 
three curves in the P-theta approach, particularly between the maximum 
lambda-delta curvature criterion and the minimum load prediction rule. 
In Figure 32, the variation of X with the spring stiffness K„ is 
plotted for the three load location criteria. Here there is noticeably 
more dissimilarity in the curves than in the three P-theta error 
curves of Figure 31> a nd we have further evidence of the insensitivity 
of equations (159) and (l6o) to load location. 
Intermediate Lateral Support and Higher Modes 
To continue our evaluation of the P-theta approach, we will 
again consider the beam supported by a central lateral spring, as shown 
in Figure 28c. Due to symmetry, the three load location criteria 
coincide, with X = .5. It is shown in Appendix II that maximum 
3 m -^ 
slope due to a central load Q occurs at the beam end point and is 
given by 
max m m — , (IT2 J 
16 
where the spring reaction coefficient R^/Q is given by 
Q K + 48 ' 
2 
For spring stiffnesses less than 16TT , the buckling load occurs 
according to equation (67); for greater stiffnesses, the beam prefers 
to buckle in the second mode, where R = l6. Again using this value of 
R as an upper bound in the buckling load prediction analysis, the 
plot of prediction error against spring stiffness for the P-theta 
approach is identical with the results for the P-delta approach, 
shown in Figure 29. 
The upper bound can again be eliminated if we account for 
higher modes, as before. In such cases, sets of equal alternating 
forces are applied such that the load-point deflection sum is 
maximized. The set used in buckling prediction is that having the 
highest sum. 
The demonstration of the efficacy of this approach is most 
easily accomplished by assuming a pin-ended strut. Having found the 
maximum flexibility configuration, we may separately treat each segment 
between inflection points. The behavior is thus that of a simply-
supported beam, and thus the maximum slope, occurring at the inflection 
point, has a magnitude given by 
where L is the length of the segment. If the supports are such that 
the inflection points are equidistant, we have 
h 




m ' max ~r( \2rn_ 16(1^) EI 
Since the buckling load is expressible as 
(176) 
(i02n2EI 
Pcr = — 2 ' ( W ) 
the product of the critical load and the maximum slope becomes 
Pcr (**) - t (178) 
or 
R§m = \ > (W) 
1̂ 3 
which is in exact agreement with equation (l6o). The buckling load 
prediction, being exact, is thus identical to that in the P-delta 
approach. Since in that technique the maximization of the deflection 
sum ensured the minimization of the buckling load prediction among all 
lateral load configurations (where the loads are equal in magnitude 
and alternating in direction), the same conclusion can be reached for 
the P-theta approach. Thus a crossover from one buckling mode to the 
next is always recognized by the higher-mode technique, and the need 
for arbitrary upper bounds is eliminated. 
It is again to be noted the interior portion of a multi-bay 
column deforms into sinusoidal waves regardless of the restraint 
at the boundary, and hence the error for these cases diminishes with 
increasing buckle mode. 
Nonuniform Columns 
The generality of the results for the P-theta approach may be 
brought full cycle by examining its performance when dealing with a 
nonuniform section stiffness. In particular, It is enlightening 
to consider the parabollcally-tapered beam dealt with earlier. Again 
using the dummy load method, with the equivalent structure of Figure 
33c.? "the dummy load moment distribution is 
l/L 0 <• I <; [i 
Md(5)/L =1 . (180) 
jo u. £ § <. 1 
The actual moment distribution is given by equation (h-3), an(3- the slope 
ikh 
is given by the usual expression 
3 
= -Qir 
* X M5)/QI.][M(g)/L] (l8l) 
o EICD 
For 
p. ̂  X, (182) 
substitution of (̂ 3) and (l80) into (l8l) yields 
p [(VQ)(i-5) + S-vl (l83) 
1 - a ^ 
As in previous developments, this expression may be readily 
integrated by expanding the integrand and using the logarithmic 
functions in equations (̂ 4-8). The result is 
= (*-^>0w + ft-i>>).
 {l8k) 
The slope i s eas i ly extremized by using Leibnitz ' ru le , and we have 
1̂ 5 
M-. 
_ Q X 
m R 
~ - 1 
(185) 
For the remainder of the beam, we have 
\i > \ : (186) 
and substitution of the moment distributions into equation (l8l) gives 
r *. [(R-,/Q)(i-§)+ §-*•] r n [(R-J/QXI-?)] 
-, 2.2 
1-a ^ 
<U - 2,r 2 1 -a I 
d§ (187) 
It should be recalled that the integration formulae (̂-8) used lower 
integration limits of zero. In order to use those relations, it is 
thus necessary to re-write the integrals in equation (187); lumping 
the integrands leads to 
^ (RJ/QKI-S) 
0 " 2~2 1 - a ^ 
<* X 
d^ - J (5-x) 
0 ., 2_2 
1-a ^ 
d§. (188) 
Now substitution of equations (̂-8) into the above yields 
e = - (R 1/Q)B 0(U)+(R 1/Q)B 1(U) - B1(X)+\B0(A.) (189) 
Since the beam is pinned at u = 1, the slope is extremized there; 
hence, the extremal slope is given by 
-n "p 
§min = " H) V 1 ) + ("I) Bl(l) ' \M + XB0M • (190) 
Of course, the value of X used in these equations is a function 
of the particular load location criterion used. The three available 
criteria, the "maximum delta, " the "maximum lambda-delta curvature," 
and the "minimum load prediction" rules, are such that the expressions 
(57)> (6l), and (159) respectively, must be extremized. It is apparent 
that we again require the use of numerical techniques, the particulars 
of which are contained in the computer program in Appendix I. The 
results are also displayed there, and we can see that the buckling load 
prediction errors for the three criteria are -53̂ - per cent, .126 per 
cent, and -.006 per cent, respectively. Since the upper and lower 
bounds on the actual eigenvalue differed by .505 per cent, we can 
conclude for the maximum curvature and minimum prediction criteria that 
the results are more than excellent; they are exact. 
In summary, equations (159) a^d (160) generally provide a good 
prediction of column buckling loads, using any of the load location 
criteria discussed. In the maximum delta approach, the experimentalist 
applies a single concentrated lateral load at varying locations \, 
measures the deflection at the load point, and draws a graph of X 
versus 6. He selects the value of X for which the graph displays 
lV7 
maximum § . He applies the lateral load to the structure at that 
point and measures the extremal slopes, calculating the buckling load 
according to (159) an^ (l6o). 
In the maximum lanibda-delta curvature approach, the technique is 
generally the same, except that X is selected such that the negative 
curvature of the \-6 plot is extremized. If the lateral restraint 
at one end of the beam is such that no negative curvature exists, or 
that an end load produces measurable deflections, or both, a load 
location X at that end must also be considered. In any case, the 
m J 
extremal slopes are measured, and the buckling load is predicted 
according to (159) and (l6o). In cases where there are two possible 
values of X , the one used is that leading to the lower load prediction. 
In the minimum load prediction approach, the load location X Is 
such that 0 is maximized, thus minimizing the predicted buckling load. 
The advantage of the first two techniques is that deflections, 
particularly when measured at specified locations (i.e., the load 
point), are more easily evaluated than a maximum slope whose location 
is unknown. The advantage of the third lies in the fact that for certain 
support configurations rigid-body displacements may inject uncertainties 
into deflection measurements, whereas in slope measurements one degree 
of freedom Is dropped from consideration. 
A final note is that the lateral load test provides a means 
of analytically estimating the buckling load of the elastically-
restrained column. Since the calculation of the eigenvalue must 
require numerical techniques, since convergence Is often very slow, 
148 
and since considerable care is sometimes required to be sure the eigen-
value obtained is the lowest, the test provides a quick analytical 
estimate of the buckling load to the person who does not have access 
to elaborate computing equipment, inasmuch as the lateral load analysis 
can all be done in closed form. 
Page missing from thesis 
CHAPTER V 
CONCLJSIONS 
The column is the logical starting point for research efforts, 
both past and present, in elastic stability; that it has received more 
attention than any other structural form is attested to by the number 
of papers published and by the space devoted to it here. One of the 
aims of the present research was to review, highlight, and evaluate the 
various experimental techniques that have been developed to study 
the effects of boundary restraint in column stability. An important 
result of the historical summary of end fixity experiments is that the 
engineer who intends to do column testing does not have to start from 
scratch in the design of end fixtures. He can read the review and 
critical comparison, decide on a general course of action, and obtain 
further details by consulting the papers referenced herein. If his 
interest is plates or shells, the bibliography serves as a starting 
point for a literature search. 
Most of the effort in column end fixity work has been directed 
toward the development of devices to simulate a pin-end condition. 
It was demonstrated that fixtures which utilize sliding motions cannot 
work well in this regard. If, however, the sliding surfaces are sep-
arated by a film of oil under pressure, or by rollers or balls, such 
fixtures can perform quite satisfactorily. Other successful devices 
have utilized large bearing surfaces, at least one of which is curved, 
that roll on one another. The main problem here is to keep the 
bearing stresses sufficiently small that the surfaces do not deform 
excessively or rupture under load. The "best of these configurations 
has made use of a semi-cylinder rolling on a plane. The University of 
Washington device is an example of the successful treatment of the 
main design considerations; viz., the prevention of sideslip and the 
minimization of friction. 
When both hearing surfaces are curved, and when both radii of 
curvature are small and have the same sign, we have a very well-known 
special case: the knife edge fixture. That this is a successful 
design is manifested by its wide use. Of course, the radii of curva-
ture must be chosen such that hearing failure and slippage of the knife 
edge in the carrier do not occur. 
It should be pointed out that in the knife edge device, as in 
many others, corrections must be made for effective length. Such 
an analysis was presented. 
Whatever type of device the test engineer chooses to build, he 
does well to keep in mind the requirements for pin-end fixtures set 
forth so well by Templin: 
1. There should he three degrees of freedom; 
2. The device should possess as low a resistance to rotation 
as possible; 
3- The method should be applicable to large total load systems; 
k. Distortion should be minimal during use; 
5. The device should apply either uniform axial loads or loads 
with prescribed eccentricities; 
6. It should be reasonable in cost, simple to install, and 
easy to maintain. 
At this point it is useful to consider the relative purposes 
of analysis and experiment. Tests are carried out to discover what 
actually happens and to use that information to discover the fundamental 
laws governing the phenomenon. Analysis based on these laws is 
performed to predict future behavior in advance. If the predicted 
behavior is as yet unobserved, its occurrence must be regarded with 
some skepticism until it has been confirmed by tests. In short, 
experiment is the final arbiter of truth and fiction. 
While it has been made quite clear that great Ingenuity has been 
stimulated by the study of boundary effects, one can only conclude that 
much of the effort has been misdirected. That ideality Is always held 
at arm's length by the laws of thermodynamics should be sufficient 
motivation to explore that which is, rather than attempting to verify 
that which cannot be. The necessity of dealing with the real world 
was emphasized by Salmon many years ago when he wrote: "The most 
pressing point for future research on the subject of columns is 
undoubtedly the degree of Imperfection common in practical fixed ends; 
in short, what value of K should be assumed for such ends? A complete 
answer to this question is difficult, but at present the designer has 
no real data whatsoever regarding practical end conditions." 
In order to study the behavior of columns of practical interest, 
It Is evident that some type of non-destructive test is needed if the 
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test specimens are to have any destination other than the scrap heap. 
To date the only practical test method available has been the Southwell 
plot_, but due to the danger of specimen destruction during sudden and 
unanticipated buckling, this approach does not meet all the require-
ments of a successful non-destructive test technique. Indeed, we may 
observe that any such test that predicts the behavior of a structure 
under destabilizing loads must use for a test environment some system 
of non-destabilizing forces. 
The first class of non-destructive tests developed can be 
denoted by the term "P-delta approach." Here, the applicable prediction 
relation is 
\ 2 T 
m\ TT L P i-iit) = lL-± (191) 
where ri is the number of inflection points in the deflected shape, L 
is the length of the beam, and (6 /Q) is the flexibility efficient 
associated with loads and deflections at the point of maximum lateral 
flexibility. If that point is at the end of the beam, n is unity; 
otherwise, IL = 2. The relation gives a good approximation to the 
buckling load for lateral end restraint that is nearly ideal (zero 
or infinite restraint of lateral displacements at the end). The 
relation is not accurate for intermediate lateral end restraint, but 
the ease and simplicity of the test encourage its use whenever possible 
15 ̂  
A second class of non-destructive tests is characterized by 
the term "P-theta approach" and the prediction relation 
•e 
P (_E) = constant. (192) 
cr v 
where the load location, the measured slope, and the constant vary 
according to the specific test. 
The first type of P-theta test uses the simplest possible load 
location criterion, with a prediction relation sufficiently involved 
to make the test work. This test was developed specifically for 
columns in which the lateral end restraint is non-ideal at one end; 
this is denoted the "weak" end and is characterized by u = 1. The 
procedure is as follows: 
1. Load the beam at the mid-point, take the appropriate 





e* = c(2-c) + 3-5 (
mx mln - l)[l + (34S.)
3](^) , (193) 
where 
c = i r 5 i l § i ! ' {19k) 
and where 
9 = the greatest slope found between the load point and 
max 
\i = 1, taken positive 
9 . = the least slope found in that interval, taken non-
mm ' 
positive 
9 = the extremal slope having the greater magnitude 
R /Q = the reaction at u = 1 
9 = the slope at u = 1 
5 = the deflection at |i = 1, 
all of the above quantities being non-dimensional ratios. 
2. Calculate the first buckling load prediction by the 
relation 
E§m = T(1^T (195) 
3• With a concentrated load at \ = 1, measure the reaction 
at u = 1, in addition to the maximum slope, and compute the quantity 
,RnNi75(e + .065) / 1 j m ' 
c = " ^ ' . (196) 
1.0000! - a V ° 0 ( § m + •°000^ 
k. Calculate the second buckling load prediction by the 
relation 
R0 = § m 2 (197) 
The buckling load prediction is taken as the lesser of the two 
calculated loads. 
The above procedure can be abbreviated in certain cases if the 
test engineer has some indication of how great the lateral restraint 
is. If at jj. = 1 the relative lateral support stiffness is less than 
12, only the end load test (steps 3 and h) is necessary. On the other 
hand, if the relative lateral stiffness is greater than 5̂ > only the 
mid-point test suffices for all values of lateral restraint whenever 
the rotational restraint at u = 1 is greater than 10. 
It is clear that the presence of the factor (R /Q) implies the 
measurement of a force in the support at u = 1. In a practical test 
this may not be possible, but the method can still be used if the test 
engineer is willing to accept as the price of added convenience the 
loss of some accuracy in the prediction of the buckling load. In 
o 
this case, the factor 3-5(R-,/Q) in equation (193) mast be replaced 
with come constant in the range .35 "to .88, the lower part of the range 
being best for an end rotational restraint near zero and the upper part 
best for very high restraint. In the end load test, the quantity c Is 
taken as a constant equal to unity. 
If the reaction at u = 1 can be measured, this P-theta test is 
generally accurate to within 10 per cent. The only cases when this 
statement is not true occur when the end rotational restraint is near 
zero and the end relative lateral restraint is near ^k; then the pre-
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diction error can go as high as 27 per cent. However, the error falls 
off very rapidly as the "boundary restraint varies from the maximum 
error-producing configuration. 
The obvious disadvantage with this P-theta test is the complexity 
of the prediction relation factors (193) an^ (196), in addition to the 
problem of measuring the reaction at \i = 1. In practice, this method 
would be used only when non-ideal lateral end restraint was present, 
and then only when all other tests broke down. In dealing with these 
non-ideal cases, however, this test does have the lowest maximum 
error. 
The second type of P-theta test, by way of contrast, uses a 
simple prediction relation but somewhat more involved load location 
criteria. The prediction relation is 
R^m = l> (198) 
where 
m 
^ 2 , (199) 
and where the extremal slopes G and Q . can be located anywhere 
max m m 
on the "beam. The only distinguishing features of the members of this 
family of tests are the load location criteria. 
The first of these criteria Is known as the "maximum delta" 
rule, and the procedure is as follows: 
1. Apply a single concentrated lateral load at some location 
X and measure the deflection 8 at the load point; 
2. Vary the load location X and repeat the above step until 
it is possible to draw a graph of X versus Sj 
3. X Is that X for which the graph displays maximum 8; 
k. Apply the lateral load at X and measure the extremal 
slopes; 
5- Calculate the buckling load according to equations (198) 
and (199). 
The second of these criteria is the "maximum lambda-delta 
curvature" rule, and the procedure is identical to the above, except 
for step 3- When the end lateral restraint is high, X is selected 
such that the negative curvature of the X - 8 is extremized. It is to 
be pointed out that the test is not particularly sensitive to errors 
in the choice of X • For low values of end lateral restraint, the 
deflections due to an end load can be considerable, and in point of 
fact, the negative curvature region on the X - 6 plot can disappear 
altogether. In such cases, a load location X at the weak end must 
to 3 m 
also be considered. In situations in which there are two possible 
values of X , the one used is that leading to the lower load prediction. 
nr 
The third criterion is the "minimum load prediction" rule, and 
again the test procedure differs from that of the "maximum delta" 
criterion only in step 3- Here, the load location X is such that 
9 is maximized, thus minimizing the predicted buckling load. 
m ' 
The "maximum lambda-delta curvature" and "minimum load pre-
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diction" criteria lead to results that are generally accurate to less 
than 10 per cent. The only difficulties to speak of arise when non-
ideal lateral end restraint is encountered, and then only when the 
rotational restraint at the weak end is near zero and the lateral 
restraint there is in the neighborhood of 25 times the beam stiffness. 
In general, the performance of the "maximum delta" criterion is in-
ferior to those of the other two rules. 
It is important to note that in the second class of "P-theta" 
tests the extremal slopes are relative extrema and hence are located 
at inflection points, or points of zero moment. Since moment distri-
butions for concentrated loads are piecewise linear, and since only one 
lateral load is applied at a time, a moment diagram is completely 
specified by moment measurements at four points. Thus, simple strain 
gage measurements may be used to determine extremal slope locations. 
Hence, the effort in comparing slopes for the "minimum load prediction" 
criterion is reduced to the same order of magnitude as the work in 
determining the location of maximum X - 6 curvature, particularly in 
situations where two possible values of X exist for the "maximum 
m 
lambda-delta curvature" criterion. 
In the first class of "P-theta" tests, the slopes of interest 
may be absolute maxima due to the restriction of slope observation to 
one half of the beam. However, In this case it is only necessary to 
measure slopes at the load point and at u = 1, in addition to the above 
procedure, to obtain the maximum slopes. 
It is also important to note that in all the "P-theta" load 
prediction relations, the length L of the beam is not present. Quite 
often this merely means that there is one less measurement to make. 
However, in support configuration in which there are rigid carriers, 
we completely avoid the question of effective length, which as we have 
seen, can be fairly complicated. Furthermore, this feature may be of 
considerable importance in dealing with two-dimensional structures. 
While primarily intended as practical non-destructive tests, 
the methods developed in this research can also be used by the analyst 
who needs a quick approximation to the buckling load of a column 
without resorting to numerical computation schemes. For his purposes, 
the "maximum lambda-dalta curvature" criterion is probably the most 
convenient due to the existence of a closed-form expression for 6 in 
terms of X. 
When a non-destructive test is needed for a structure of 
practical interest, probably the most straightforward and easily used 
is the "P-delta" approach if it applies; viz., if the lateral restraint 
is nearly ideal. Otherwise, the best procedure is likely the "maximum 
lambda-delta curvature" criterion or the "minimum load prediction" 
rule. If the beam support configuration is such that these tests 
could be suspected of unacceptable error, then the first class of 
"P-theta" test can be tried, and the lowest calculated buckling load 
used as a prediction. The combination of the two types of "P-theta" 
tests should produce good results since their high-error regions do 
not coincide. 
A final observation is that in symmetric cases where the buckling 
load predictions from the "P-delta" and 
load predictions from the ,fP-delta" and "P-theta" approaches are 
different, the corresponding errors are opposite in sign. Thus, in 
these cases it is possible to perform both tests and thereby obtain 
upper and lover bounds to the buckling load estimation. 
That all these methods work so veil is an indication that there 
is some general principle in solid mechanics that relates the eigen-




Computer P rog ram 
5 P R I N T 
10 PRINT "STRUBLE* 2 / 2 2 / 7 0 > PARABOLICALLY-TAPERED 
BEAM" 
2 0 PRINT 
30 PRINT " L A M B D A " , " M U " , " D E L T A " , " C A L C D R " , " C A L C 
T R" 
40 PRINT "ABOVE FOR MAX DELTA. SAME INFO T H I S 
LINE FOR MAX CURVATURE" 
4 5 PRINT "SAME INFO T H I S LINE FOR MAX THETA C R I T E R I O N " 
50 PRINT "ACTUAL R " , " DELTA ERRORS FOR THE 
THREE C R I T E R I A " 
5 5 PRINT " THETA ERRORS FOR MAX DELTA, 
MAX CURV> MAX THETA" 
60 PRINT 
70 LET B = l / 3 
7 5 LET M1=0 
8 0 LET Q=l 
8 5 LET R = ( 1 7 . 7 9 + 1 7 . 8 8 ) * 2 / ( 3 . 1 4 1 5 9 t 2 > 
9 0 LET A=SQR(B) 
100 DEF F N C C X ) = . 5 * L O G < < 1 + A * X ) / ( 1 - A * X > ) / A 
110 DEF F N D C X ) = - L O G ( S Q R ( 1 - ( A * X ) t 2 ) ) / ( A t 2 ) 
120 DEF F N E ( X ) = L O G C ( 1 + A * X ) / S Q R ( 1 - C A * X ) t 2 ) ) / A t 3 - X / ( A t 2 ) 
130 LET R 2 = F N C ( 1 ) - 2 * F N D C 1 ) + F N E ( 1 ) 
140 LET L = . 5 5 
150 GOSUB 7 0 0 
160 LET D 1 = 2 * F N C ( L ) * ( L - R 1 ) + 2 * F N D C L ) * C R 1 - 1 ) 
190 LET L = L - D 1 / D 2 
2 0 0 I F A B S C D 1 / D 2 ) <= 1 . 0 0 0 0 0 E - 0 5 THEN 2 5 0 
2 1 0 I F A B S ( L - . 5 ) < . 5 THEN 150 
2 2 0 I F M l = . 7 THEN 5 7 0 
2 3 0 LET M 1 = L = . 7 
2 4 0 GOTO 150 
2 5 0 GOSUB 6 0 0 
2 6 0 GOSUB 7 5 0 
2 7 0 LET Q=2 
2 8 0 LET A l = . 5 5 
2 9 0 LET B = . 8 
3 0 0 LET C = . l 
3 1 0 LET G=0 
3 2 0 FOR L=A1 TO B STEP C 
3 3 0 LET G1=G 
3 4 0 IF U = 2 THEN 380 
3 5 0 GOSUB 6 0 0 
3 6 0 LET G = T 
3 7 0 GOTO 4 0 0 
380 GOSUB 7 0 0 
3 9 0 LET G=D2 
4 0 0 I F A B S ( G ) <= A B S ( G l ) THEN 4 2 0 
4 1 0 NEXT L 
4 1 5 GOTO 5 7 0 
4 2 0 I F C<1 . 0 0 0 0 0 E - 0 5 THEN 4 7 0 
4 3 0 LET A l = L - 2 * C 
4 4 0 LET B=L 
4 5 0 LET C = C / 1 0 
4 6 0 GOTO 310 
4 7 0 LET L = L - C 
4 8 0 GOSUB 6 0 0 
490 GOSUB 750 
5 0 0 I F Q=3 THEN 5 3 0 
5 1 0 L E T Q=3 
5 2 0 GOTO 2 8 0 
5 3 0 P R I N T R,RC 1 ] # R C 2 ] J R E 3 J 
540 P R I N T " , , > R C 4 ] > R C 5 ] > R C 6 3 
550 P R I N T 
5 6 0 STOP 
5 7 0 P R I N T "NO S O L U T I O N " 
5 8 0 STOP 
600 REM THETA SUBROUTINE 
610 LET R1=(L*FNC(L)-(L+1)*FND(L)+FNE(L))/R2 
620 LET D= - R 2 * R 1 T 2 + F N C ( L ) * L T 2 - 2 * L * F N D ( L ) + F N E ( L ) 
630 LET U1=(R1-L)/(R1-1) 
640 LET T1=CL-R1)*FNC(U1)+(Rl-1)*FND(Ul) 
650 LET T2=-R1*FNC( 1 >+Rl*FND( 1 )-FND(D+L*FNC(L) 
660 LET T=T1-T2 
670 RETURN 
700 REM D2 SUBROUTINE 
710 LET R1=(L*FNC(L>-(L+1)*FND(L)+FNE(L>)/R2 
720 LET D2 = 2*R1*(L-1 )/( 1-(A*L> t2>-2*(FNCCL)-FNDCD ) '2/R2 + 2 
*FNC(L) 
730 RETURN 
750 REM PRINT SUBROUTINE 
760 PRINT L*U1,D#l/(12*D),1/(2*T) 
770 LET RCQ]=100*(1/(12*D)-R)/R 





PIMffiD-PIKNED BEAM WITH INTERMEDIATE LATERAL SUPPORT 
Analysis 
Consider the pinned-pinned beam with intermediate lateral 
support shown in Figure 28c. The system is statically indeterminate; 
the unknown redundant R can thus he found hy the principle of the 







1 [*?« • 
,Rs-,,2 
* ) ( E I ) 
2 k c L 
? 
3 
( I I - 1 ) 
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r 2 iM(g)f 
' 0 L Q L J 
A\2 
d? + -J 
2K, 
"5 
since the structure Is symmetric. The moment distribution M( 5)/QL is 
a function of the spring reaction coefficient R̂ /Q. and is given hy 
r 




|(1-R /Q,)(l-?) 4 ̂  ^ 1 
165 
Substitution of (II-2) into (ll-l) and integration gives 
o 
"R RS 
— =--fs (1 Q J' + i - s L • (IT"3) 
EI ^ 
The minimum principle is expressed by 
i^)L iiL J 
" Q> EI 
Carrying out the differentiation of (II-3) and solving for R^/Q yields 
5 3, _ 
Q ~ C+¥cT 5 
where K is a relative spring stiffness defined by 
II-5) 
k L3 
The load-point deflection is easily determined from the spring 
characteristic. We have 
^ 
6 k 5 s 
K5 
6 = Q Q Q = Q 
1 
3 T 3 -, r3 " Hn+kQ 
L L k C
L Kc 5 
W.T TTT 5 5 
(H-7) 
EI 
The eigenvalue may be obtained from the differential equation, 
which is 
E I £ » + P ^ = 0. (II-8) 
dx dx 
A deflected shape that satisfies this equation is 
w = L(B§ + D sin m^) . (n-c 
Substitution of (II-9) into (II-8) gives 
2 2 FT ~P 




P = u • . (11-11) 
L 
167 
The value of m is of course obtained from the boundary conditions, 
which, in this case, are 
,2 
d. w 
w = — p = 0 
dx 
5 = 0 (11-12) 
and 
-\ 
^ = 0 
dx 
k *3 5 ^^ d w 
2 w = EI ~3 
dx _• 
(II-13) 
The conditions at £ = 0 are automatically satisfied, and it remains to 
enforce the conditions at § = l/2. The first of these requires that 
^ cos 
"b (n-iiO 
The second mid-point condition results in the relation 
D(p-) cos — tan — - — [1 - — (—) ] >- = 
2 L 2 2 K
N2 ' JJ 
5 
(H-15) 
A non-trivial solution exists when 
ro-u 
cos -^ = 0, (II-16) 
in which case we have m = TT5 or when 
\ \ r, 16 , ™b\2 
- g; l - J = °- ( I J-1 7) 
Since we are concerned with buckle shapes bounded by the first and 
second modes, it is clear that the limits on m are TT and 2TT, the 
latter corresponding to second mode (antisymmetric) buckling. In 
this range, 
tan — <; 0 , (II-18) 
and thus (H-17) can be satisfied only when 
1 c /m, ; 2 16 / bN 1 " T^ {-) s ° > (n-19) 
or 
K <. 16TT 2. (11-20) 
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It is apparent from the transcendental nature of equation 
(H-17) that numerical techniques must be employed to get the eigen-
value of the problem, and that singularities in the tangent function 
may lead to difficulties in this regard. An alternate approach 
is to use the Rayleigh-Ritz procedure from the outset. Accordingly, 
a suitable deflection assumption is 
\ • nTTX r-r-r m^ 
w = > a sin — — , (11-21; 
Z_. n L ' 
odd 
where the unknown coefficients are determined from the principle of 
the minimum of the total potential. That potential may be expressed 
as 
*-¥L ' H ' - ^ M 2 ! -IT ( I j - (—) 
0 dx x=L/2 0 
Substitution of (II-21) into (II-22) and performing the indicated 
operations results in 
h 2 k 
2 L P V /mr\ 2 L c 
1 \ 2 " 2 L KV) \ 2 + t 
odd odd odd odd 
TT EI V /nuN 2 L P V (rm\ 2 L 5 V . m-rr \
; . nrr W = ~ L \TJ \ 2 " 2 L KV) \ 2 + ~ A Vln T L \ Sln 2"' 
where "odd" indicates summation over odd values only of the dummy 
index. The minimum principle may be written 
H = 0, n = 1,3,5, • • . (11-210 
n 
Applied to equation (II-23), the result, after rearrangement, is 
8 v . UTT 
T: K5 s i n — 
n \' „.„ mrr 
^ c 
odd 
a = *_. — ) a sin fL , n = 1,3,5, • . .(II-25) 
n n (R - kn2) 
where 
R = 1 • (H-26) 
TT EI 
kl2 
Multiplication of each side of (II-25) by sin ̂ — , summation over odd 
values of n, noting the interchangeability of dummy indices, and re-
arrangement, gives 
L V ^ F ^ - T S Z ir-fr-h0- &-*?) 
^ TT _ n (R-Un ) 
odd m odd n v J 
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Thus, for a non-trivial deflection function, we must require 
i s I -rnrr̂  = ° (II"28: 
" odd n n (R"4n } 
and this is another characteristic equation. 
Finally, the maximum slopes generated by the lateral mid-point 
load may be conveniently found by considering a pinned-pinned beam 
under a load equal to R - Q, where R is given by equation (II-5)• 
It is thus clear than the extremal slopes are found at the beam ends, 
that the maximum and minimum slopes are equal in magnitude and 




1 — 2 . 
Q 
L 2 16 
v y) 
EI 
It is apparent from the nature of equation (11-28) that numerical 
techniques must be used in the computation of the buckling load, 
although it might be pointed out that very rapid convergence, on the 
/ h order of l/n , would be expected. A two-point iteration technique for 
finding the root of (11-28) was developed, the details of which, along 





2 0 P R I N T " S T R U B L E , 1 0 / 1 6 / 6 9 , BEAM WITH CENTRAL 
LATERAL SPRING" 
30 PRINT 
40 P R I N T 
50 P R I N T "ACTUAL R " » " D E L T A " , " T H E T A " 
70 PRINT "D CALC R " , " T CALC R " , " D E R R O R " , " T ERROR" 
8 0 P R I N T 
90 PRINT 
100 P R I N T " K l = " J 
1 10 INPUT Kl 
120 P R I N T " F I R S T GUESS = " J 
130 INPUT K 
140 LET K = K - 1 . 0 0 0 0 0 E - 0 3 
150 P R I N T 
160 LET P l = 3 . 1 4 1 5 9 
170 LET R=D1=K 
180 LET Q=l 
190 LET S=0 
2 0 0 FOR N=l TO 1 0 0 0 STEP 2 
2 1 0 LET D = l / ( ( R - 4 * N t 2 ) * N t 2 ) 
2 2 0 LET S=S+D 
2 3 0 I F A B S C D / S ) <= 1 . 0 0 0 0 0 E - 0 5 THEN 2 5 0 
2 4 0 NEXT N 
2 5 0 LET F = l - 8 * K 1 * S / P 1 t 4 
2 6 0 I F QfH THEN 2 9 0 
2 7 0 LET R = K+1 . 0 0 0 0 0 E - 0 3 
2 8 0 GOTO 4 2 0 
2 9 0 LET H=K 
3 0 0 LET K=R 
3 1 0 LET R = ( K - H * F / G ) / ( 1 - F / G ) 
3 2 0 I F A B S C R - 1 0 ) <= 6 THEN 3 8 0 
3 2 5 I F R<4 THEN 3 4 0 
3 3 0 LET R = 1 6 
3 3 5 GOTO 3 8 0 
3 4 0 PRINT "OVERFLOW" 
3 4 5 LET D 1 = D 1 - 1 
3 5 0 LET K=D1 
3 6 0 I F K<4 THEN 8 0 
3 7 0 GOTO 1 7 0 
3 8 0 I F A B S ( R - K ) <= 1 . 0 0 0 0 0 E - 0 5 THEN 4 5 0 
3 9 0 I F R#H THEN 4 2 0 
4 0 0 PRINT "NON-CLOSING LOOP" 
4 1 0 GOTO 3 4 5 
4 2 0 LET G=F 
4 3 0 LET Q=Q+1 
4 4 0 GOTO 190 
4 5 0 LET D = l / ( K l + 4 8 ) 
4 6 0 LET T = l / 1 6 - K 1 / ( 1 6 * ( K l + 4 8 > ) 
4 7 0 P R I N T R , D * T 
4 8 0 LET R 8 = l / ( 1 2 * D ) 
4 9 0 I F R8 <= 16 THEN 5 1 0 
500 LET R8=16 
510 LET R9=1/(4*T) 
5 2 0 I F R9 <= 16 THEN 5 4 0 
5 3 0 LET R 9 = 1 6 
5 4 0 P R I N T R 8 * R 9 * 1 0 0 * ( R 8 - R > / R , 1 0 0 * ( R 9 - R ) / R 
5 5 0 GOTO 8 0 
9 9 9 END 
APPENDIX III 
BEAM WITH UNSYMMETRIC ROTATIONAL END RESTRAINT 
General Analysis 
Consider the uniform beam with unsymmetric rotational end 
restraint shown in Figure 28d. The system is statically indeterminate, 
but the unknown redundants can be found by the principle of the minimum 
of the total complementary potential. That potential is given by 
W* = 








2 3 ,M 2 
). LJ ( IN 
2k, Voij (III-1) 
Selecting for redundants the lateral reaction and the moment at the 
right end of the beam, the moment distribution due to a concentrated 
lateral load at x = A.L, or § = \ , is 
r 
M(l) = 
\ . ;'Ri 
QI, 




X * 5 * 1 
Static equilibrium considerations inply that 
M M R 
Substitution of (III-2) and (III-3) into (lll-l) and integrating all 
terras in which a redundant appears gives 
2EIW* , M r , 2 (%,% i , R i 2 / T T T M 
^r = to + ^A-QJ + 3 to {III-k) 
where 
and 
^2 & + tf - 6 (%+ J > - ^ 
M R 2 M 2 
K3 VQJ, Q
 A / K2 VQI,; ' 
k 2 L 
K2 = E l " ( H I - 5 ) 
K. = V (HI-6) 
^ EI ' 
The minimum principle is expressed by 
d "2EIW*" 
M L 2 3 - 0 ;ni-7) 
and 
9 [~2EIW*' 
Rl^ LQ2L3 J 
= 0 ( I I I -{ 
Carrying out the differentiation of equation (III-U) results in 
QlA K3 K2J 
fRi\[\ , 2 i .2 , a + K-JL1 + K^J = x + K^ i l l - 9 ) 
and 
\x ; h 2_ 
QJJ L1 + K3J 
, R 1 T 2 , 2 
1 ^ L B + v 
, 2 X3 2X 
~x ~ T ^ 
( I I I - 1 0 ) 
Solution of this system of equations by Cramer's rule, with simplifi-
cation of the results, leads to 
M 
0£ = X K2 
XK3(X-1) + 2(X
2-1) 1 





K2[XK3(3-2X) + 6 - 2\ ] + 2XK3(3-X) + 12 (m-12) 
K2K, + kK„ + kK^ + 12 J 
We are now in a position to obtain the load-point flexibility coeffic-
ient. In using the dummy load method^ a suitable equivalent structure 
is a pinned-pinned beam laterally loaded with a unit force at £ = A. • 
The deflection is given by the basis relationship 
QJ? f -WE;) 
EI ,L L QI^ 
.ys) 
. L J 
d§, (HI-13) 







0 £ l < \ 
X £ 5 <£ 1 
(iII-lU) 
Substitution of (ill-2) and (HI-lU) into (ill-13) gives 
* ^ M ! / K r , 
EI 
tUi + U ^ (1'?)J + (5-x);(?-X?)d?
 + (in-15) 
178 
r 1 - Mi / V 
A 
The r e s u l t , after considerable s impl i f icat ion, i s 
3(K2K3 + fe2 + kK + 12)6 = X
2(3K2 + 12) ( l l l - l 6 ) 
3,„ v + XJ(K2K3 - 8K2 + UK3 - 2k) 
+ X^(-3K2K3 + 6K2 - 9K3 + 12) + X
5(3K3)(K2 + 2) 
+ A (-K2K3 - K2 - K 3). 
The slopes can be obtained in like fashion. In this case, the 
basic relationship is 
'--i^l^h- <^-"> 
A suitable equivalent structure is the same pinned-pinned beam, with 
the loading now a unit moment applied at the location I* = |i. The 





o <; i <; ̂  
[± * § * 1 
(IH-18) 
For (J, £ X, substitution of (ill-2) and (lll-l8) into (HI-17) gives 
EI 
\L M. ,Rn. 
L ^ + (i^) + 5 - x > ? ; in-i9) 
X rM ,R 
, [oJ + (i)^) + ?-x](5-i)d§ 
. r 
X 
L Q H Q 1 ) ^ ) ^ - 1 ^ . 
Lumping together terms In the integrands enables us to write 
j 0 B
 + (r) (1- s )JSd5"I0
( s^d5 ( i n - 2 0 ) 




Integration leads to 
180 
M 
QJA2 ' - o * (hi 
2 3 
(III-21) 
t + ̂  -t 
The slope is extremized when its derivative with respect to ^ 





For ^ ^ Xj the s lope i s given "by 
Y \ , /R^ 
J 0 U L 




^ I /Rr .oj: + (-;(i-s) (s-Da«: 
or 
181 
• x rMi / R r . - ? x 
0 L ^
 + h ^ S ^ S - j S(§-x)d? ( in-2^; 
r 1 rMi ^Rr\ 
Integrat ion gives 
M "R 2 "3 
H l ^ X I " » + f) + 5-
ryi ( in-25) 
Extremization of the slope in this interval (|i > \) occurs when 
0̂  
m R 
+ 1 ; i n - 2 6 ) 
1 
The eigenvalue may be obtained from the differential equation, 
which is 
EI ^f + p i% = 0 
dx dx 
(III-27) 
A deflected shape that satisfies this equation is 
182 
w A + B£ + C cos H L F + D s i n ITLF . ( i l l - 2 8 ) 
Substitution of (ill-28) into (111-27) gives 
2 2 
m, • ,-m, -. -, ,- _, 
-) L\-J ' ETJ Lc cos \ § + D s i n V_ = 0. (ill-29) 
For a non-trivial solution, we require 
(rn^EI 
(III-30) 










The value of m is obtained from the boundary conditions, which are 
"N 




) 5 = o 
3 dw 
L d̂  = 0 
(111-32) 
s 
w = 0 
EI 
.2 
d w 2 dw 
L d§ 
• \ 
S = i 
L d^ 
^ 
Substitution of the deflection function (ill-28) into the boundary 
conditions (ill-32) yields four simultaneous linear homogeneous 
equations in A, B, C and D. For a non-trivial solution, we must 











^ - K . 
sin * \ - \ cos m^ K^cos mu -ITL -m s in m 
"b 
= 0 (Hl-33) 
Expansion of the determinant and simplification leads to the character-
i s t i c equa t ion : 
18^ 
mb(K2+K ) ( s i n n^-n^ cos 11 )̂ + Y^ (2-2 cos n^-ir^ s i n ITL ) + ( lH-3
1^) 
+ ( V ) s i n ITL = 0 
Although numerical techniques must be used to find the root of this 
equation, the terms are regular throughout the range of spring stiff-
nesses, making convergence fairly routine, particularly for the type of 
bisection scheme found in the computer program at the end of this 
appendix. At very high spring stiffnesses, some convergence diffi-
culties can be encountered, but this is mitigated by slightly relaxing 
the convergence criterion, which leads to no detectable change in the 
calculated eigenvalue. 
Symmetric Restraint 
In the case of symmetric restraint, the spring stiffnesses KQ 
and K are equal, and thus we may obtain the results for this con-
figuration by applying the conditions 
K




to the previous analysis. Substitution of (111-35) and (III-36) into 
(lll-l6) gives the expression for the flexibility coefficient: 
K2 + 
192 (K2 + 2) > (HI-37 
or 
1 r 3 K2 1 
k8 I1 - k(K2 + 2)\- (m-38) 
Expressions for the slopes can be obtained in like manner. 
In calculating the buckling load, the appropriate characteristic 
equation could be obtained by substituting (ill-35) into equation 
(ill-3^-) j and using the numerical techniques discussed previously; 
another approach, however, is the use of the Rayleigh-Ritz procedure. 
Accordingly, a suitable deflection assumption is 
nrrx 
w L an Sin T ' (HI-39) 
odd 
where the unknown coefficients a are determined from the principle of 
n 
the minimum of the total potential. That potential may be expressed 
as 
L _ 2 V 2 kn /n s 2 , ^ „ L / J N 2 
W -f\ (H)te + 2r(i) -IL © - <m-*» 0 Ndx 0 
x=0 
Substitution of (111-39) into (Ill-Uo) and performing the indicated 
operations results in 
CO I CO CO 
EI V / m r \ 2,'IA , , \" //mrr\ '-" ''nrA /- , -„ i -, • 
odd odd odd 
2 
P \ / m r \ 2 / L \ 2 A VL y a n 
odd 
The minimum principle may be written 
|5L = 0 , n = 1,3,5, • . . (111-42) 
San 
Applied to equation (iII-Ul), the result, after rearrangement, is 
I6K,L2 (2a) ^, , , 
2 \ L / \ / mn i - , , - , , - / I N 
a
n = —r- 2—-j: L {- \ >
 n = ^ . s , • • • ( i n - 1 * ) 
n ( R " l t n > odd 
Multiplication of each side of (ill-43) by mr/L, summation over odd 
values of n, noting the interchangeability of dummy indices, and 
rearrangement, gives 
00 l6K °° 
L \r) am L1" ™r A — a 
odd " odd R " ^ n 
= 0 . (in-MO 
Thus, for a non-trivial deflection function, we must require 
16K " 
1 - - 5 - A - r ? = ° • ( I I I- l t 5 ) 
" odd R J t a 
an equation whose root is the buckling load ratio. 
Zero Restraint at One End 
Consider the beam of Figure 28d with the spring at the right 
end removed. This is another special case of the general configuration 
analyzed previously; it is mathematically characterized by the condition 
K2 = 0. (III-46) 







X5K, a X (3K3-^) 
^(K3+3)




6 = 3 [1 - K3+3J 
X2 + 
K, 
LK3+3 " 3J 
(Hl-ltf 
r i 13K3 1 ^ 
+ L3 " 12(K3+3)J
 X 
3 >5 3 .6 
2(K +3) 12(K +3) A ' 
."=K 2X





2 - 12X3 + 13X11" - 6x5 + X6) -
Again, slopes could be treated similarly. 
With respect to calculation of the buckling load, we again have 
a choice of techniques. Again choosing the Rayleigh-Ritz procedure, a 
suitable deflection assumption is 
w 
CO 
~ . n^x 
/ a s m — — 
L^ n L 
(III-50; 
all 
where the notation "all" indicates inclusion of even values of the 
dummy index in the summation, this being necessitated by the lack of 
symmetry in the problem. The total potential is given by 









Substitution of (III-50) into (III-51) and performing the indicated 
operations results in 
W = ¥ I (rf %2(I)+ ̂  
a l l 
nrrA - a nrr -, 
L \L / m Z_i \L 
a l l a l l 
n 
P Y/mYN 2 /L 
2 A T ; an 
a l l 
2J -(HI-52) 
The minimum principle, 
dW 
^ = 0, n = 1,2,3,^ (III-53) 
applied to equation (ill-52) leads to 
8K TT ^ Z , , 
3 \L / i /inn>, 
n n (E-lm ) 
Multiplication of each side of (ill-53) by mr/L, summation over all 
values of n, noting the interchangeability of dummy indices, and 
rearrangement, gives 
im^-^i^i^- ^ 
all * all R_^n 
Thus, for a non-trivial deflection function, we require 
8K -
1 § ) o = °> (HI-55) 
and this is the equation whose root is the buckling load. 
Computer Program 
1 DIM DC 1 5 ] 
5 P R I N T 
10 P R I N T " S T R U B L E , 1 / 1 7 / 7 0 * UNSYMMETRICAL ROTATIONAL 
R E S T R A I N T " 
15 P R I N T 
20 P R I N T 
2 5 P R I N T " L A M B D A " , " F I R S T M U " , " S E C O N D M U " > " C A L C 
D R " , " C A L C T R" 
30 P R I N T " A B O V E FOR MAX D E L T A . SAME I N F O T H I S 
L I N E FOR MAX CURVATURE" 
35 P R I N T "SAME I N F O T H I S L I N E FOR MAX THETA APPROACH 
40 P R I N T " A C T U A L R " , " DELTA ERRORS FOR THE 
THREE APPROACHES" 
45 P R I N T " T H E T A ERRORS FOR MAX D E L T A , MAX CURV, 
MAX THETA APPROACHES" 
50 LET B C 1 ] = 1 
55 L E T B C 2 3 = 2 
60 L E T BC 33 = 4 
65 L E T DC 1 3=0 
7 0 FOR Y = l TO 4 
75 FOR X = l TO 3 
8 0 L E T DCX-f l + 3 * ( Y - l ) 3=BCX3 * 1 0 f ( Y - 2 ) 
8 5 NEXT X 
90 NEXT Y 
9 2 L E T DC 143 = 1 0 0 0 
9 4 L E T DC 153 = 1 . 0 0 0 0 0 E + 0 9 
9 6 FOR X = l TO 15 
98 FOR Y = l TO 15 
100 LET K2=DCX3 
101 L E T K3=DCYJ 
102 I F K 2 + K 3 = 0 THEN 48 5 
1 0 3 I F K 3 > K 2 THEN 48 5 
1 0 4 P R I N T 
105 P R I N T 
106 P R I N T " K 2 , K 3 = " ; K 2 ; X 3 
110 LET C 1 = K 2 * K 3 + 4 * K 2 + 4 * K 3 + 1 2 
1 1 5 L E T AC 1 3 = 3 * K 2 + 1 2 
120 L E T A C 2 3 = K 2 * K 3 - 8 * K 2 + 4 * K 3 - 2 4 
125 L E T A C 3 3 = - 3 * K 2 * K 3 + 6 * K 2 - 9 * K 3 + 1 2 
130 L E T A C 4 3 = 3 * K 3 * ( K 2 + 2 > 
135 L E T A C 5 3 = - K 2 * K 3 - K 2 - K 3 
140 LET L = . 5 
145 L E T Q1=0 
150 GOSUB 5 0 0 
155 L E T L C 1 J = L 
160 LET Q l = 2 
165 GOSUB 5 0 0 
1 7 0 L E T L C 2 3 = L 
175 LET A=.3 
180 LET B=.7 
185 LET C=.1 
190 LET T = 0 
195 FOR L=A TO B STEP C 
200 LET G1=T 
205 GOSUB 625 
210 IF T<G1 THEN 220 
215 NEXT L 
2 2 0 I F C<1 . 0 0 0 0 0 E - 0 5 THEN 2 4 5 
225 LET A=L-2*C 
230 LET B = L 
235 LET C=C/10 
240 GOTO 190 
245 LET LL 3J=L-C 
2 50 FOR Z=l TO 3 
255 LET L=LCZJ 
2 60 LET 0=0 
265 GOSUB 550 
270 GOSUB 625 
275 LET R[Z]=3*C1/(12*S) 
2 8 0 LET R [ Z + 3 ] = 1 / ( 4 * T ) 
2 8 5 P R I N T L C Z J , U 1 > U 2 , RC Z ] > RC Z + 3 J 
2 9 0 NEXT Z 
2 9 5 L E T 0 = 0 
300 L E T C = . 1 * R C 6 J 
3 0 5 LET A=C . 8 + u / 1 0 ) * R C 6 J 
3 1 0 L E T B = ( 1 . 2 2 - 0 / 1 0 ) * R C 6 ] 
3 1 5 L E T F=0 
3 1 7 L E T Q\=0 
3 2 0 FOR R=A TO B STEP C 
3 2 5 L E T G=F 
3 3 0 GOSUB 7 0 0 
3 3 5 I F 0 1 = 0 THEN 348 
3 4 0 I F F=0 THEN 4 7 0 
3 4 5 I F S G N C G ) # S G N ( F ) THEN 3 6 5 
3 4 8 L E T 0 1 = 0 1 + 1 
3 5 0 NEXT R 
3 5 1 I F Q = l THEN 3 5 5 
3 5 2 L E T 0 = 1 
3 5 3 L E T C = C / 1 0 
3 5 5 GOTO 3 0 5 
3 5 6 P R I N T "NO S O L U T I O N " 
3 6 0 GOTO 4 8 5 
3 6 5 L E T R = ( F * ( R - C ) - G * R ) / ( F - G ) 
3 6 7 I F A B S C R - 1 0 ) > 6 . 5 THEN 3 5 5 
370 I F A B S ( C ) <= 1 . 6 0 1 0 0 E - 0 4 THEN 4 7 0 
3 7 5 LET G=F 
3 8 0 GOSUB 7 0 0 
3 8 5 I F F = 0 THEN 4 7 0 
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390 LET C = C * ( - 1 ) t ( 1 . 5 - . 5 * S G N ( F / G ) ) * 1 0 T ( U - 2 ) 
3 9 5 L E T A = R - ( U + 1 ) * C 
4 0 0 L E T B = R + C Q + 1 ) * C 
4 0 5 GOTO 3 1 5 
4 7 0 L E T R = 4 * ( M / 3 . 1 4 1 5 9 ) t 2 
4 7 5 PRINT R * 1 0 0 * C R C 1 ] - R ) / R , 1 0 0 * ( R £ 2 ] - R ) / R , 1 0 0 * ( R C 3 ] - R ) / R 
4 8 0 PRINT " " J 1 0 0 * ( R C 4 1 - R ) / R , 1 0 0 * ( R [ 5 J - R ) / R , 1 0 0 * ( R [ 6 J - K ) / R 
48 5 NEXT Y 
4 9 0 NEXT X 
500 REM MAXIMIZING SUBROUTINE 
5 0 5 LET (J = Q1 + 1 
5 1 0 GOSUB 5 5 0 
5 1 5 LET S 0 = S 
520 LET Q = G l + 2 
5 2 5 GOSUB 5 5 0 
530 L E T L = L - S 0 / S 
5 3 5 I F A B S C S 0 / S ) < 1 . 0 0 0 0 0 E - 0 5 THEN 5 4 5 
5 4 0 GOTO 5 0 5 
5 4 5 RETURN 
5 5 0 REM E V A L U A T I N G SUBROUTINE 
5 5 5 L E T S=0 
5 6 0 FOR 1=1 TO 5 
5 6 5 LET CCI 1 = 1 
5 7 0 FOR J = l TO Q 
5 7 5 LET C C I ] = C C I ] * ( I - J + 2 ) 
58 0 NEXT J 
5 8 5 LET S = S + C [ I ] * A [ I J * L t ( I + l - U ) 
590 NEXT I 
59 5 RETURN 
625 REM THETA SUBROUTINE 
630 LET Rl =L*(K2*( L*K3*( 3-2*D+6-2*L t2)+2*L*K3*( 3-D + 1 2)/C 
1 
635 LET M1=L*K2*(L*K3*(L-1)+2*(Lt2-l))/CI 
640 LET U1=(L-M1-Rl)/(1-Rl) 
645 LET T1=M1*C.5-Ul)+Rl*(1/3-U1+.5*U1t2)+(Lt3)/6-.5*Lt2+U 
1*L-.5*U1t2 
650 LET U2=1+M1/R1 
655 LET T2=M1*(.5-U2)+Rl*(1/3-U2+.5*U2T2)+(Lt3)/6 
660 LET T=(Tl-T2)/2 
665 RETURN 
700 REM CHARACTERISTIC EQUATION 
705 LET M=.5*3.14159*SQR(R) 
710 LET F=M*(K2+K3)*(SINCM)-M*COS(M))+SIN(M)*Mt3 




COMPUTER PROGRAM FOR EVALUATING THE 
MAXIMUM LAMBDA-DELTA CURVATURE CRITERION 
10 REM PGM PREDICTS BUCK. LOAD WITH MAX. DELTA-LAMBDA 
CURVATURE 
15 PRINT 
20 PRINT " S T R U B L E , 1 0 / 6 / 6 9 , ELASTICALLY-RESTRAINED 
BEAM* MAX. CURV." 
30 PRINT 
40 PRINT 
4 5 PRINT "REMARKS" 
50 PRINT " L A M B D A " , " R E A C T I O N " , " M O M E N T " > " P O S . M U " , " N E G . 
MU" 
60 PRINT "MAX T H E T A " , " M I N THETA","ACTUAL R " , " C U R V 
CALC R " , " E R R O R " 
70 PRINT "END THETA" , "END CALC R " , " E R R O R " , " M I N 
ERROR" 
£ 0 PRINT 
90 PRINT 
100 PRINT " K 1 , K 2 ="J 
110 INPUT Kl , K 2 
120 P R I N T " F I R S T GUESS ="J 
130 INPUT K 
1 3 5 LET K = K - 1 . 0 0 0 0 0 E - 0 3 
140 GOTO 6 0 0 
150 PRINT 
1 5 5 LET 0 2 = 0 
160 LET AC 1 J = ( K 1 * K 2 + 1 2 * K 2 + 4 * K 1 + 1 2 ) / 3 
1 6 5 LET A C 2 J = - ( K 1 * K 2 + 3 * K 1 + 3 * K 2 ) 
1 70 LET AC 3 ] = K l * ( K 2 + 2 ) 
1 7 5 LET A C 4 J = - K 1 * C K 2 + 1 ) / 3 
180 LET Q = 2 
1 8 5 GOSUB 4 2 5 
190 LET 0 = 3 
195 GOSUB 4 2 5 
2 0 0 LET L = ( L + L 1 ) / 2 
2 0 2 LET Q1=0 
2 0 5 GOSUB 5 5 0 
2 1 0 LET S 1 = S 
2 1 5 LET 0 = 4 
2 2 0 GOSUB 5 5 0 
2 2 5 LET L = L - S 1 / S 
2 3 0 LET 0 = 3 
2 3 5 I F A B S C L - . 5 ) <= . 5 THEN 2 7 0 
240 IF U1#0 THEN 260 
245 LET Ql=1 
250 LET L=L+.5*S1/S 
255 GOTO 205 
260 PRINT "OUT OF BOUNDS" 
265 GOTO 80 
2 7 0 I F A B S C S 1 / S ) >= 1 . 0 0 0 0 0 E - 0 5 THEN 2 0 2 
2 7 5 L E T R 1 = ( L T 2 ) * K 1 * ( ( 3 - 2 * L ) * K 2 + 6 - 2 * L ) / ( 3 * A C 1 ] ) 
2 8 0 L E T M = C L T 2 ) * K 2 * C 6 - C 1 - L ) * K 1 ) / ( 3 * A [ 1 ] ) 
2 8 2 I F Q2=l THEN 3 0 5 
2 5 5 I F 0 = 2 THEN 300 
2 8 7 LET 9 = 2 
2 9 0 GOSUB 5 5 0 
2 9 2 I F S <= 0 THEN 3 1 5 
29 5 P R I N T " P O S . MAX. CURVATURE* L = " , ' L 
3 0 0 LET L = U 2 = 1 
3 0 2 GOTO 2 7 5 
3 0 5 LET U 2 = T 2 = 0 
3 1 0 GOTO 3 3 0 
3 1 5 P R I N T " N E C MAX. CURVATURE" 
3 2 0 LET U 2 = 1 + M / R 1 
3 2 2 I F U 2 > 1 . 0 0 0 0 1 THEN 3 0 5 
3 2 5 L E T T 2 = . 5 * L t 2 - R l * ( U 2 - . 5 * U 2 T 2 ) - M * U 2 
3 3 0 L E T U 1 = ( L - R 1 - M ) / ( 1 - R l ) 
3 3 5 L E T T l = L * U 1 - . 5 * U 1 T 2 - R 1 * ( U 1 - . 5 * U 1 r 2 ) - M * U 1 
3 4 0 I F 9 1 = 2 THEN 3 7 0 
3 4 5 L E T R 3 = . 5 / C T 1 - T 2 ) 
3 50 P R I N T L , R 1 , M , U 1 , U 2 
3 5 5 P R I N T T l , T 2 , K * R 3 > 1 0 0 * ( R 3 - K ) / K 
3 6 0 L E T Q = 9 1 = 2 
3 6 5 GOTO 2 7 5 
3 7 0 LET R 5 = . 5 / ( T 1 - T 2 ) 
3 7 5 P R I N T T l * R 5 * 1 0 0 * ( R 5 - K ) / K J 
3 8 0 I F R3 <= R5 THEN 3 9 0 
3 8 5 L E T R3=R5 
3 9 0 P R I N T 1 0 0 * ( R 3 - K ) / K 
4 0 0 GOTO 8 0 
4 2 5 L E T A = . 4 5 
4 2 7 L E T B = l 
4 3 0 L E T 9 1 = 0 
4 3 5 L E T C = . l 
4 3 7 L E T L = A 
4 4 0 GOSUB 5 5 0 
4 4 5 FOR L = A + C TO B STEP C 
450 L E T S1=S 
4 5 5 LET L 1 = L 
4 6 0 GOSUB 5 5 0 
4 6 5 I F S G N C S I ) # S G N C S ) THEN 5 4 5 
4 7 0 NEXT L 
4 7 5 I F 0 1 = 1 THEN 49 5 
4 8 0 L E T 0 1 = 1 
4 8 5 L E T C = C / 1 0 
490 GOTO 4 3 7 
4 9 5 I F A = 5 . 0 0 0 O 0 E - 0 2 THEN 5 1 0 
500 LET A = 5 . 0 O O 0 0 E - 0 2 
5 0 2 L E T B = . 5 5 
5 0 5 GOTO 4 3 0 
5 1 0 I F 0 = 2 THEN 5 3 0 
5 1 5 PRINT "NO ZERO THIRD DERIVATIVE" 
520 LET 0 = 2 
5 2 5 GOTO 5 3 5 
530 PRINT "NO INFLECTION P O I N T S " 
5 3 5 LET L = l 
5 4 0 GOTO 2 7 5 
5 4 5 RETURN 
5 5 0 LET S=0 
5 5 5 FOR 1=1 TO 4 
560 LET C C I J = l 
5 6 5 FOR J = l TO u 
570 LET C L I 3 = C C I D * ( I - J + 3 ) 
5 7 5 NEXT J 
580 LET S = S + C C I ] * A [ I ] * L T ( I + 2 - 0 ) 
5 8 5 NEXT I 
5 9 0 RETURN 
6 0 0 LET A = 3 2 * K 1 / 3 . 1 4 1 5 9 T 4 
6 0 5 LET B = 8 * K 2 / 3 . 1 4 1 5 9 T 2 
6 1 0 LET C = 2 5 6 * K l * K 2 / 3 . 1 4 1 5 9 T 6 
6 1 5 LET R=D1= K 
6 2 0 LET 0=1 
6 2 5 LET 0 1 = 1 
6 3 0 GOSUB 8 50 
6 3 5 LET S1 = S 
6 40 LET 0 1=2 
6 4 5 GOSUB 8 5 0 
6 5 0 L E T S2=S 
6 55 LET 0 1=3 
6 6 0 GOSUB 8 5 0 
6 7 0 LET F = l + A * S + B * S 1 + C * ( S * S 1 - S 2 T 2 ) 
6 8 0 I F 0//1 THEN 7 2 0 
6 9 0 LET R = K+1 . 0 0 0 0 0 E - 0 3 
7 1 0 GOTO 7 6 0 
7 2 0 LET H=K 
7 3 0 LET K=R 
7 4 0 L E T R = C K - H * F / G ) / ( 1 - F / G ) 
7 4 2 I F A B S ( R - 9 ) < 8 THEN 7 5 0 
7 4 4 PRINT "OVERFLOW" 
7 4 5 LET D 1 = D 1 - 1 
7 4 6 LET K=D1 
7 4 7 I F K<1 THEN 8 0 
748 GOTO 6 1 5 
7 5 0 I F ABSCR-K) <= 1 . 0 0 0 0 0 E - 0 4 THEN 7 
7 5 2 I F A B S ( R - H ) >= 1 . 0 0 0 0 0 E - 0 5 THEN 7 
7 5 4 P R I N T " N O N - C L O S I N G LOOP" 
7 5 6 GOTO 7 4 5 
760 LET G=F 
7 7 0 L E T Q=U+1 
780 GOTO 6 2 5 
7 9 0 LET K=R 
8 0 0 GOTO 150 
8 5 0 L E T S=0 
8 6 0 FOR 1 = 1 TO 1 0 0 0 STEP 2 
9 2 0 L E T D«C< ( - 1 > t ( 1 / 2 + 3 / 2 ) ) t C i J l - 1 ) ) / ( ( I T 2 - R ) * I T ( Q 1 - 1 ) ) 
9 3 0 L E T S=S+D 
9 4 0 I F A B S C D / S ) <= 1 . 0 0 0 0 0 E - 0 5 THEN 9 6 0 
9 5 0 NEXT I 
9 6 0 RETURN 
9 9 9 END 
APPENDIX V 
COMPUTER PROGRAM FOR EVALUATING THE 
MINIMUM LOAD PREDICTION CRITERION 
10 REM PGM PREDICTS BUCK. LOAD WITH LOAD AT MIN 
PREDICTION LOCATION 
20 PRINT 




60 PRINT "REMARKS" 
70 PRINT " L A M B D A " , " R E A C T I O N " , " M O M E N T " , " 1 MU 1 " , " 1 
MU 2 " 
80 PRINT " 1 THETA M A X " , " 1 THETA M I N " , " 1 CALC 
R" , "ERROR" 




120 PRINT " K l , K2 ="J 
130 INPUT K 1 , K 2 
140 PRINT "BUCK. LOAD = " J 
150 INPUT K 
170 PRINT 
175 LET D = K 1 * K 2 + 1 2 * K 2 + 4 * K 1 + 1 2 
180 LET A=Q1=0 
185 LET C = . l 
190 LET B= l 
195 LET G=0 
200 FOR L=A TO B STEP C 
205 LET G1=G 
210 GOSUB 450 
215 I F G<G1 THEN 230 
220 NEXT L 
225 GOTO 260 
230 I F Q l = 1 THEN 250 
235 LET L = L - C 
240 GOSUB 450 
245 GOTO 260 
250 PRINT " 1 REL MAX" 
255 GOTO 100 
260 I F Q l = 1 THEN 425 
265 I F C<1 . 0 0 0 0 0 E - 0 5 THEN 330 
270 I F L <= 1 . 0 0 0 0 0 E - 0 3 THEN 29 5 
275 I F L >= . 9 9 9 THEN 310 
280 LET A = L-C 
285 LET B=L+C 
290 GOTO 320 
295 LET A=0 
300 LET B = C 
305 GOTO 320 
310 LET A = 1 - . 9 * C 
315 LET B = l 
320 LET C=C/10 
325 GOTO 195 
330 LET G2=G 
335 I F Q#0 THEN 350 
340 PRINT "REL MAX" 
345 GOTO 365 
350 I F Q#l THEN 365 
355 PRINT "ABS MAX" 
360 GOTO 390 
365 I F Q#2 THEN 380 
370 PRINT " U 2 > 1 " 
375 GOTO 385 
380 PRINT " P O S . T 2 " 
385 LET Q l = l 
390 PRINT L # R U M , U I # U 2 * T 1 * T 2 # 1 / G 2 # 1 0 0 * < 1 / G 2 - K ) / K 
395 IF Q1=0 THEN 415 
400 LET A = . 9 9 
405 LET C=l . 0 0 0 0 0 E - 0 2 
410 GOTO 190 
415 PRINT " 1 ABS MAX" 
420 GOTO 100 
425 I F G2>G THEN 435 
430 LET G2=G 
435 PRINT R1,M,1/G*100*<1/G-K>/K,100*C1/G2-K)/K 
440 GOTO 100 
450 LET Rl=<Lt2>*Kl*((3-2*L)*K2+6-2*L>/D 
455 LET M=CLt2)*K2*(6-<1-L)*K1)/D 
460 LET U1=(L-R1-M)/(1-Rl) 
465 LET Tl=L*Ul-.5*Ult2-Rl*<Ul-.5*Ult2)-M*Ul 
470 IF L >= .999 THEN 505 
472 IF R1<1.00000E-06 THEN 515 
475 LET U2=1+M/R1 
480 I F U 2 > 1 . 0 0 0 0 1 THEN 515 
485 LET T 2 = . 5 * L T 2 - R l * ( U 2 - . S * U 2 t 2 > - M * U 2 
490 IF T2>0 THEN 525 
49 5 LET Q=0 
500 GOTO 535 
505 LET Q=l 
510 GOTO 530 
515 LET Q=2 
520 GOTO 530 
200 
525 LET Q=3 
530 LET U2=T2=0 
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